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Optimal Stopping for Non-linear Expectations
Erhan Bayraktar,∗ Song Yao†
Abstract
We develop a theory for solving continuous time optimal stopping problems for non-linear expectations. Our
motivation is to consider problems in which the stopper uses risk measures to evaluate future rewards.
Keywords: Nonlinear expectations, Optimal stopping, Snell envelope, Stability, g-expectations.
1 Introduction
We solve continuous time optimal stopping problems in which the reward is evaluated using non-linear expec-
tations. Our purpose is to use criteria other than the expected value to evaluate the present value of future
rewards. Such criteria include risk measures, which are not necessarily linear. Given a filtered probability space
(Ω,F , P,F = {Ft}t∈[0,T ]) satisfying the usual assumptions, we define a filtration-consistent non-linear expectation
(F-expectation for short) with domain Λ as a collection of operators
{
E [·|Ft] : Λ 7→ Λt
△
= Λ ∩ L0(Ft)
}
t∈[0,T ]
satisfying “Monotonicity”, “Time-Consistency”, “Zero-one Law” and “Translation-Invariance”. This definition is
similar to the one proposed in Peng [2004]. A notable example of an F-expectation is the so-called g-expectation,
introduced by Peng [1997]. A fairly large class of convex risk measures (see e.g. Fo¨llmer and Schied [2004] for
the definition of risk measures) are g-expectations (see Coquet et al. [2002], Peng [2004], Ma and Yao [2010] and
Hu et al. [2008]).
We consider two optimal stopping problems. In the first one, the stopper aims to find an optimal stopping time
when there are multiple priors and the Nature is in cooperation with the stopper; i.e., the stopper finds an optimal
stopping time that attains
Z(0)
△
= sup
(i,ρ)∈I×S0,T
Ei[Yρ +H
i
ρ|F0], (1.1)
in which E = {Ei}i∈I is a stable class of F-expectations, S0,T is the set of stopping times that take value in [0, T ].
The reward process Y is a right-continuous F-adapted process and for any ν ∈ S0,T , Yν belongs to Λ#
△
= {ξ ∈
Λ | ξ ≥ c, a.s. for some c ∈ R}, where Λ is the common domain of the elements in E . On the other hand, the
model-dependent reward processes {Hi}i∈N is a family of right-continuous adapted processes with Hi0 = 0 that is
consistent with E . We will express the solution of this problem in terms of the E -upper Snell envelope Z0 of Yt,
the smallest RCLL F-adapted process dominating Y such that Zi,0
△
= {Z0t + H
i
t}t∈[0,T ] is an E˜i-supermartingale
for each i ∈ I.
The construction of the Snell envelope is not straightforward. First, for any i ∈ I, the conditional expectation
Ei[ξ|Fν ], ξ ∈ Λ and ν ∈ S0,T may not be well defined. However, we show that t→ Ei[ξ|Ft] admits a right-continuous
modification t → E˜i[ξ|F·] for any ξ ∈ Λ# and that E˜i is itself an F-expectation on Λ# such that E˜i[·|Fν ] is well
defined on Λ# for any ν ∈ S0,T . In terms of E˜i we have that
Z(0) = sup
(i,ρ)∈I×S0,T
E˜i[Yρ +H
i
ρ|F0]. (1.2)
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Finding a RCLL modification requires the development of an upcrossing theorem. This theorem relies on the
strict monotonicity of Ei and other mild hypotheses, one of which is equivalent to having lower semi-continuity (i.e.
Fatou’s lemma). Thanks to the right continuity of t → E˜i[ξ|Ft], we also have an optional sampling theorem for
right-continuous E˜i-supermartingales. Another important tool in finding an optimal stopping time, the dominated
convergence theorem is also developed under another mild assumption.
The stability assumption we make on the family E is another essential ingredient in the construction of the Snell
envelope. It guarantees that the class E is closed under pasting: for any i, j ∈ I and ν ∈ S0,T there exists a k ∈ I
such that E˜k[ξ|Fσ] = E˜i
[
E˜j[ξ|Fν∨σ]
∣∣Fσ], for any σ ∈ S0,T . Under this assumption it can then be seen, for example,
that the collection of random variables
{
E˜i
[
X(ρ) +Hiρ −H
i
ν
∣∣∣Fν] , (i, ρ) ∈ I × Sν,T} is directed upwards. When
the constituents of E are linear expectations, the notion of stability of this collection is given by Fo¨llmer and Schied
[2004, Definition 6.44], who showed that pasting two probability measures equivalent to P at a stopping time one
will result in another probability measure equivalent to P . Our result in Proposition 3.1 shows that we have the
same pasting property for F-expectations. As we shall see, the stability assumption is crucial in showing that the
Snell envelope is a supermartingale. This property of the Snell envelope is a generalization of time consistency, i.e.,
esssup
i∈I
E˜i[ξ|Fν ] = esssup
i∈I
E˜i
[
esssup
i∈I
E˜i[ξ|Fσ]
∣∣∣∣Fν] , a.s., ∀ ν, σ ∈ S0,T with ν ≤ σ, a.s. (1.3)
Delbaen [2006, Theorem 12] showed in the linear expectations case that the time consistency (1.3) is equivalent to
the stability.
When the reward t→ Yt+Hit is “E -uniformly-left-continuous” and each non-linear expectation in E is convex,
we can find an optimal stopping time τ (0) for (1.1) in terms of the Snell envelope. Then we can solve the problem
sup
ρ∈S0,T
Ei[Yρ +H
i
ρ|F0], (1.4)
when Ei[·|Ft] has among other properties strict monotonicity, lower semi-continuity, dominated convergence theorem
and the upcrossing lemma. Note that although, esssup
i∈I
E˜i[·|Ft] has similar properties to E˜i[·|Ft] (and that might
lead one to think that (1.1) can actually be considered as a special case of (1.4)), the former does not satisfy strict
monotonicity, the upcrossing lemma, and the dominated convergence theorem. One motivation for considering
optimal stopping with multiple priors is to solve optimal stopping problems for “non-linear expectations” which do
not satisfy these properties.
We show that the collection of g-expectations with uniformly Lipschitz generators satisfy the uniform left
continuity assumption. Moreover, a g-expectation satisfies all the assumptions we ask of each Ei for the upcrossing
theorem, Fatou’s lemma and the dominated convergence theorem to hold; and pasting of g-expectations results in
another g-expectation. As a result the case of g-expectations presents a non-conventional example in which we can
determine an optimal stopping time for (1.1). In fact, in the g-expectation example we can even find an optimal
prior i∗ ∈ I, i.e.,
Z(0) = Ei∗ [Yτ(0) +H
i∗
τ(0)|F0]. (1.5)
In the second problem, the stopper tries to find a robust optimal stopping time that attains
V (0)
△
= sup
ρ∈S0,T
inf
i∈I
Ei
[
Yρ+H
i
ρ
∣∣F0]. (1.6)
Under the “E -uniform-right-continuity” assumption, we find an optimal stopping time in terms of the E -lower Snell
envelope. An immediate by-product is the following minimax theorem
V (0) = inf
i∈I
sup
ρ∈S0,T
Ei
[
Yρ+H
i
ρ
∣∣F0]. (1.7)
Our paper was inspired by Karatzas and Zamfirescu [2006] and Karatzas and Zamfirescu [2008], which devel-
oped a martingale approach to solving (1.1) and (1.6), when E is a class of linear expectations. In particular,
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Karatzas and Zamfirescu [2006] considered the controller-stopper problem
sup
ρ∈S0,T
sup
U∈U
Eu
[
g
(
X(ρ)
)
+
∫ ρ
0
h(s,X, Us)ds
]
, (1.8)
where X(t) = x +
∫ t
0
f(s,X, Us)ds +
∫ t
0
σ(s,X)dWUs . In this problem, the stability condition is automatically
satisfied. Here, g and h are assumed to be bounded measurable functions. Our results on g-expectations extend
the results of Karatzas and Zamfirescu [2006] from bounded rewards to rewards satisfying linear growth. Delbaen
[2006], Karatzas and Zamfirescu [2005] also considered (1.1) when the Ei’s are linear expectations. The latter
paper made a convexity assumption on the collection of equivalent probability measures instead of a stability
assumption. On the other hand, the discrete time version of the robust optimization problem was analyzed by
Fo¨llmer and Schied [2004]. Also see Cheridito et al. [2006, Sections 5.2 and 5.3].
The rest of the paper is organized as follows: In Section 1.1 we will introduce some notations that will be used
throughout the paper. In Section 2, we define what we mean by an F-expectation E , propose some basic hypotheses
on E and discuss their implications such as Fatou’s lemma, dominated convergence theorem and upcrossing lemma.
We show that t → E [·|Ft] admits a right-continuous modification which is also an F-expectation and satisfies
Fatou’s lemma and the dominated convergence theorem. This step is essential since E [·|Fν ], ν ∈ S0,T may not be
well defined. We also show that the optional sampling theorem holds. The results in Section 2 will be the backbone
of our analysis in the later sections.
In Section 3 we introduce the stable class of F-expectations and review the properties of essential extremum.
In Section 4 we solve (1.2), and find an optimal stopping time in terms of the E -upper Snell envelope. On the
other hand, in Section 5 we solve the robust optimization problem (1.6) in terms of the E -lower Snell envelope.
In Section 6, we give some interpretations and remarks on our results in the previous sections. In Section 7 we
consider the case when E is a certain collection of g-expectations. We see that in this framework, our assumptions
on each Ei, the stability condition and the uniform left/right continuity conditions are naturally satisfied. We also
determine an optimal prior i∗ ∈ I satisfying (1.5). Moreover, we show how the controller and stopper problem
of Karatzas and Zamfirescu [2006] fits into our g-expectations framework. This lets us extend their result from
bounded rewards to rewards satisfying linear growth. In this section, we also solve optimal stopping problem for
quadratic g-expectations. The proofs of our results are presented in Section 8.
1.1 Notation
Throughout this paper, we fix a finite time horizon T > 0 and consider a complete probability space (Ω,F , P )
equipped with a right continuous filtration F
△
= {Ft}t∈[0,T ], not necessarily Brownian one, such that F0 is generated
by all P -null sets in F (in fact, F0 collects all measurable sets with probability 0 or 1). Let S0,T be the collection
of all F-stopping times ν such that 0 ≤ ν ≤ T , a.s. For any ν, σ ∈ S0,T with ν ≤ σ, a.s., we define Sν,σ
△
= {ρ ∈
S0,T | ν ≤ ρ ≤ σ, a.s.} and let SFν,σ denote all finite-valued stopping times in Sν,σ . We let D = {k2
−n | k ∈ Z, n ∈ N}
denote the set of all dyadic rational numbers and set DT
△
=
(
[0, T ) ∩ D
)
∪ {T }. For any t ∈ [0, T ] and n ∈ N, we
also define
q+n (t)
△
=
⌈2nt⌉
2n
∧ T. (1.9)
It is clear that q+n (t) ∈ DT .
In what follows we let F ′ be a generic sub-σ-field of F and let B be a generic Banach space with norm | · |B.
The following spaces of functions will be used in the sequel.
(1) For 0 ≤ p ≤ ∞, we define
• Lp(F ′;B) to be the space of all B-valued, F ′-measurable random variables ξ such that E(|ξ|p
B
) < ∞. In
particular, if p = 0, L0(F ′;B) stands for the space of all B-valued, F ′-measurable random variables; and
if p = ∞, L∞(F ′;B) denotes the space of all B-valued, F ′-measurable random variables ξ with ‖ξ‖∞
△
=
esssup
ω∈Ω
|ξ(ω)|B <∞.
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• Lp
F
([0, T ];B) to be the space of all B-valued, F-adapted processesX such that E
∫ T
0 |Xt|
p
B
dt <∞. In particular,
if p = 0, L0
F
([0, T ];B) stands for the space of all B-valued, F-adapted processes; and if p = ∞, L∞
F
([0, T ];B)
denotes the space of all B-valued, F-adapted processes X with ‖X‖∞
△
= esssup
(t,ω)∈[0,T ]×Ω
|Xt(ω)|B <∞.
• Cp
F
([0, T ];B)
△
= {X ∈ Lp
F
([0, T ];B) : X has continuous paths}.
• Hp
F
([0, T ];B)
△
= {X ∈ Lp
F
([0, T ];B) : X is predictably measurable}.
(2) For p ≥ 1, we define a Banach space
Mp
F
([0, T ];B) =
{
X ∈ H0
F
([0, T ];B) : ‖X‖Mp
△
=
{
E
[( ∫ T
0
|Xs|
2
Bds
)p/2]}1/p
<∞
}
,
and denote MF([0, T ];B)
△
= ∩
p≥1
Mp
F
([0, T ];B).
(3) We further define
Le(F ′;B)
△
=
{
ξ ∈ L0(F ′;B) : E
[
eλ|ξ|B
]
<∞ for all λ > 0
}
,
C
e
F
([0, T ];B)
△
=
{
X ∈ C0
F
([0, T ];B) : E
[
exp
{
λ sup
t∈[0,T ]
|Xt|B
}]
<∞ for all λ > 0
}
.
If d = 1, we shall drop B = R from the above notations
(
e.g., Lp
F
([0, T ]) = Lp
F
([0, T ];R), Lp(FT ) = Lp(FT ;R)
)
. In
this paper, all F-adapted processes are supposed to be real-valued unless specifying otherwise.
2 F-expectations and Their Properties
We will define non-linear expectations on subspaces of L0(FT ) satisfying certain algebraic properties, which are
listed in the definition below.
Definition 2.1. Let DT denote the collection of all non-empty subsets Λ of L
0(FT ) satisfying:
(D1 ) 0, 1 ∈ Λ;
(D2 ) Λ is closed under addition and under multiplication with indicator random variables. Namely, for any ξ, η ∈ Λ
and A ∈ FT , both ξ + η and 1Aξ belong to Λ;
(D3 ) Λ is positively solid: For any ξ, η ∈ L0(FT ) with 0 ≤ ξ ≤ η, a.s., if η ∈ Λ, then ξ ∈ Λ as well.
Remark 2.1. (1) Each Λ ∈ DT is also closed under maximization “∨” and under minimization “∧”: In fact, for
any ξ, η ∈ Λ, since the set {ξ > η} ∈ FT , (D2) implies that ξ ∨ η = ξ1{ξ>η} + η1{ξ≤η} ∈ Λ. Similarly, ξ ∧ η ∈ Λ;
(2) For each Λ ∈ DT , (D1)-(D3) imply that c ∈ Λ for any c ≥ 0;
(3) DT is closed under intersections: If {Λi}i∈I is a subset of DT , then ∩
i∈I
Λi ∈ DT ; DT is closed under unions of
increasing sequences: If {Λn}n∈N ⊂ DT such that Λn ⊂ Λn+1 for any n ∈ N, then ∪
n∈N
Λn ∈ DT ;
(4) It is clear that Lp(FT ) ∈ DT for all 0 ≤ p ≤ ∞.
Definition 2.2. An F-consistent non-linear expectation (F-expectation for short) is a pair (E, Λ) in which Λ ∈ DT
and E denotes a family of operators
{
E [·|Ft] : Λ 7→ Λt
△
= Λ ∩ L0(Ft)
}
t∈[0,T ]
satisfying the following hypothesis for
any ξ, η ∈ Λ and t ∈ [0, T ]:
(A1) “Monotonicity (positively strict)”: E [ξ|Ft] ≤ E [η|Ft], a.s. if ξ ≤ η, a.s.; Moreover, if 0 ≤ ξ ≤ η a.s. and
E [ξ|F0] = E [η|F0], then ξ = η, a.s.;
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(A2) “Time Consistency”: E
[
E [ξ|Ft]
∣∣Fs] = E [ξ|Fs], a.s. for any 0 ≤ s ≤ t ≤ T ;
(A3) “Zero-one Law”: E [1Aξ|Ft] = 1AE [ξ|Ft], a.s. for any A ∈ Ft;
(A4) “Translation Invariance”: E [ξ + η|Ft] = E [ξ|Ft] + η, a.s. if η ∈ Λt.
We denote the domain Λ by Dom(E) and define
Domν(E)
△
= Dom(E) ∩ L0(Fν), ∀ ν ∈ S0,T .
For any ξ, η ∈ Dom(E) with ξ = η, a.s., (A1) implies that E [ξ|Ft] = E [η|Ft], a.s. for any t ∈ [0, T ], which shows
that the F-expectation (E , Dom(E)) is well-defined. Moreover, since Dom0(E) = Dom(E)∩L0(F0) ⊂ L0(F0) = R,
E [·|F0] is a real-valued function on Dom(E). In the rest of the paper, we will substitute E [·] for E [·|F0].
Remark 2.2. Our definition of F-expectations is similar to that of FXt -consistent non-linear expectations introduced
in Peng [2004, page 4].
Example 2.1. The following pairs satisfy (A1)-(A4); thus they are F-expectations:
(1)
(
{E[·|Ft]}t∈[0,T ], L
1(FT )
)
: the linear expectation E is a special F-expectation with domain L1(FT );
(2)
(
{Eg[·|Ft]}t∈[0,T ], L
2(FT )
)
: the g-expectation with generator g(t, z) Lipschitz in z (see Peng [1997], Coquet et al.
[2002] or Subsection 7.1 of the present paper);
(3)
(
{Eg[·|Ft]}t∈[0,T ], L
e(FT )
)
: the g-expectation with generator g(t, z) having quadratic growth in z (see Subsection
7.4 of this paper).
F-expectations can alternatively be introduced in a more classical way:
Proposition 2.1. Let Eo : Λ 7→ R be a mapping on some Λ ∈ DT satisfying:
(a1 ) For any ξ, η ∈ Λ with ξ ≤ η, a.s., we have Eo[ξ] ≤ Eo[η]. Moreover, if Eo[ξ] = Eo[η], then ξ = η, a.s.;
(a2 ) For any ξ ∈ Λ and t ∈ [0, T ], there exists a unique random variable ξt ∈ Λt such that E
o[1Aξ + γ] =
Eo
[
1Aξt + γ
]
holds for any A ∈ Ft and γ ∈ Λt.
Then {Eo[ξ|Ft]
△
= ξt, ξ ∈ Λ}t∈[0,T ] defines an F-expectation with domain Λ.
Remark 2.3. For a mapping Eo on some Λ ∈ DT satisfying (a1) and (a2), the implied operator Eo[·|F0] is also
from Λ to R, which, however, may not equal to Eo. In fact, one can only deduce that Eo[ξ] = Eo
[
Eo[ξ|F0]
]
for any
ξ ∈ Λ.
From now on, when we say an F-expectation E , we will refer to the pair
(
E , Dom(E)
)
. Besides (A1)-(A4), the
F-expectation E has the following properties:
Proposition 2.2. For any ξ, η ∈ Dom(E) and t ∈ [0, T ], we have
(1) “Local Property”: E [1Aξ + 1Acη|Ft] = 1AE [ξ|Ft] + 1AcE [η|Ft], a.s. for any A ∈ Ft;
(2) “Constant-Preserving”: E [ξ|Ft] = ξ, a.s. if ξ ∈ Domt(E);
(3) “Comparison”: Let ξ, η ∈ L0(Fν) for some ν ∈ S0,T . If η ≥ c, a.s. for some c ∈ R, then ξ ≤ (or =) η, a.s.
if and only if E [1Aξ] ≤ (or =) E [1Aη] for all A ∈ Fν .
The following two subsets of Dom(E) will be of interest:
Dom+(E)
△
= {ξ ∈ Dom(E) : ξ ≥ 0, a.s.}, Dom#(E)
△
= {ξ ∈ Dom(E) : ξ ≥ c, a.s. for some c = c(ξ) ∈ R}. (2.1)
Remark 2.4. The restrictions of E on Dom+(E) and on Dom#(E), namely
(
E , Dom+(E)
)
and
(
E , Dom#(E)
)
respectively, are both F-expectations: To see this, first note that Dom+(E) and Dom#(E) both belong to DT . For
any t ∈ [0, T ], (A1) and Proposition 2.2 (2) imply that for any ξ ∈ Dom#(E)
E [ξ|Ft] ≥ E
[
c(ξ)
∣∣Ft] = c(ξ), a.s., thus E [ξ|Ft] ∈ Dom#(E),
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which shows that E [·|Ft] maps Dom#(E) into Dom#(E) ∩ L0(Ft). Then it is easy to check that the restriction of
E =
{
E [·|Ft]
}
t∈[0,T ]
on Dom#(E) satisfies (A1) to (A4), thus it is an F-expectation. Similarly,
(
E , Dom+(E)
)
is
also an F-expectation.
We should remark that restricting E on any subset Λ′ of Dom(E), with Λ′ ∈ DT , may not result in an F-
expectation, i.e. (E ,Λ′) may not be an F-expectation.
Definition 2.3. (1) An F-adapted process X = {Xt}t∈[0,T ] is called an “E-process” if Xt ∈ Dom(E) for any
t ∈ [0, T ];
(2) An E-process X is said to be an E-supermartingale (resp. E-martingale, E-submartingale) if for any 0 ≤ s <
t ≤ T , E [Xt|Fs] ≤ (resp. =, ≥) Xs, a.s.
Given a ν ∈ SF0,T taking values in a finite set {t1 < · · · < tn}, if X is an E-process, (D2) implies that
Xν =
∑n
i=1 1{ν=ti}Xti ∈ Dom(E), thus Xν ∈ Domν(E). Since
{
Xξt
△
= E [ξ|Ft]
}
t∈[0,T ]
is an E-process for any
ξ ∈ Dom(E), we can define an operator E [·|Fν ] from Dom(E) to Domν(E) by
E [ξ|Fν ]
△
= Xξν , for any ξ ∈ Dom(E),
which allows us to state a basic Optional Sampling Theorem for E .
Proposition 2.3. (Optional Sampling Theorem) Let X be an E-supermartingale (resp. E-martingale, E-submartingale).
Then for any ν, σ ∈ SF0,T , E [Xν |Fσ] ≤ (resp. =, ≥)Xν∧σ, a.s.
In particular, applying Proposition 2.3 to each E-martingale {E [ξ|Ft]}t∈[0,T ], in which ξ ∈ Dom(E), yields the
following result.
Corollary 2.1. For any ξ ∈ Dom(E) and ν, σ ∈ SF0,T , E
[
E [ξ|Fν ]
∣∣Fσ] = E [ξ|Fν∧σ], a.s.
Remark 2.5. Corollary 2.1 extends the “Time-Consistency” (A2) to the case of finite-valued stopping times.
E [·|Fν ] inherits other properties of E [·|Ft] as well:
Proposition 2.4. For any ξ, η ∈ Dom(E) and ν ∈ SF0,T , it holds that
(1) “Monotonicity (positively strict)”: E [ξ|Fν ] ≤ E [η|Fν ], a.s. if ξ ≤ η, a.s.; Moreover, if 0 ≤ ξ ≤ η, a.s. and
E [ξ|Fσ] = E [η|Fσ], a.s. for some σ ∈ SF0,T , then ξ = η, a.s.;
(2) “Zero-one Law”: E [1Aξ|Fν ] = 1AE [ξ|Fν ], a.s. for any A ∈ Fν ;
(3) “Translation Invariance”: E [ξ + η|Fν ] = E [ξ|Fν ] + η, a.s. if η ∈ Domν(E);
(4) “Local Property”: E [1Aξ + 1Acη|Fν ] = 1AE [ξ|Fν ] + 1AcE [η|Fν ], a.s. for any A ∈ Fν ;
(5) “Constant-Preserving”: E [ξ|Fν ] = ξ, a.s., if ξ ∈ Domν(E).
We make the following basic hypotheses on the F-expectation E . These hypotheses will be essential in developing
Fatou’s lemma, the Dominated Convergence Theorem and the Upcrossing Theorem.
Hypotheses
(H0) For any A ∈ FT with P (A) > 0, we have lim
n→∞
E [n1A] =∞;
(H1) For any ξ ∈ Dom+(E) and any {An}n∈N ⊂ FT with lim
n→∞
↑ 1An = 1, a.s., we have lim
n→∞
↑ E [1Anξ] = E [ξ];
(H2) For any ξ, η ∈ Dom+(E) and any {An}n∈N ⊂ FT with lim
n→∞
↓ 1An = 0, a.s., we have lim
n→∞
↓ E [ξ+1Anη] = E [ξ].
Remark 2.6. The linear expectation E on L1(FT ) clearly satisfies (H0)-(H2). We will show that Lipschitz and
quadratic g-expectations also satisfy (H0)-(H2) in Propositions 7.1 and 7.5 respectively.
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The F-expectation E satisfies the following Fatou’s Lemma and Dominated Convergence Theorem.
Theorem 2.1. (Fatou’s Lemma) (H1) is equivalent to the lower semi-continuity of E: If a sequence {ξn}n∈N ⊂
Dom+(E) converges a.s. to some ξ ∈ Dom+(E), then for any ν ∈ SF0,T , we have
E [ξ|Fν ] ≤ lim
n→∞
E [ξn|Fν ], a.s., (2.2)
where the right hand side of (2.2) could be equal to infinity with non-zero probability.
Remark 2.7. In the case of the linear expectation E, a converse to (2.2) holds: For any non-negative sequence
{ξn}n∈N ⊂ L1(FT ) that converges a.s. to some ξ ∈ L0(FT ), if lim
n→∞
E[ξn] < ∞, then ξ ∈ L1(FT ). However,
this statement may not be the case for an arbitrary F-expectation. That is, lim
n→∞
E [ξn] < ∞ may not imply that
ξ ∈ Dom+(E) given that {ξn}n∈N ⊂ Dom+(E) is a sequence convergent a.s. to some ξ ∈ L0(FT ). (See Example
7.1 for a counterexample in the case of a Lipschitz g-expectation.)
Theorem 2.2. (Dominated Convergence Theorem) Assume (H1) and (H2) hold. Let {ξn}n∈N be a sequence in
Dom+(E) that converges a.s. If there is an η ∈ Dom+(E) such that ξn ≤ η a.s. for any n ∈ N, then the limit ξ of
{ξn}n∈N belongs to Dom+(E), and for any ν ∈ SF0,T , we have
lim
n→∞
E [ξn|Fν ] = E [ξ|Fν ], a.s.
Next, we will derive an Upcrossing Theorem for E-supermartingales, which is crucial in obtaining an RCLL
(right-continuous, with limits from the left) modification for the process {E [ξ|Ft]}t∈[0,T ] as long as ξ ∈ Dom(E)
is bounded from below. Obtaining a right continuous modification is crucial, since otherwise the conditional
expectation E [ξ|Fν ] may not be well defined for any ν ∈ S0,T .
Let us first recall what the “number of upcrossings” is: Given a real-valued process {Xt}t∈[0,T ] and two real
numbers a < b, for any finite subset F of [0, T ], we can define the “number of upcrossings” UF (a, b;X(ω)) of the
interval [a, b] by the sample path {Xt(ω)}t∈F as follows: Set ν0 = −1, and for any j = 1, 2, · · · we recursively define
ν2j−1(ω)
△
= min{t ∈ F : t > ν2j−2(ω), Xt(ω) < a} ∧ T ∈ S
F
0,T ,
ν2j(ω)
△
= min{t ∈ F : t > ν2j−1(ω), Xt(ω) > b} ∧ T ∈ S
F
0,T ,
with the convention that min ∅ =∞. Then UF (a, b;X(ω)) is defined to be the largest integer j for which ν2j(ω) < T .
If I ⊂ [0, T ] is not a finite set, we define
UI (a, b;X(ω))
△
= sup{UF (a, b;X(ω)) : F is a finite subset of I}.
It will be convenient to introduce a subcollection of DT
D˜T
△
= {Λ ∈ DT : R ⊂ Λ} .
Clearly, D˜T contains all L
p(FT ), 0 ≤ p ≤ ∞. In particular, L
∞(FT ) is the smallest element of D˜T in the following
sense:
Lemma 2.1. For each Λ ∈ D˜T , L∞(FT ) ⊂ Λ.
Proof: For any ξ ∈ L∞(FT ), we have −‖ξ‖∞, 2‖ξ‖∞ ∈ R ⊂ Λ. Since 0 ≤ ξ + ‖ξ‖∞ ≤ 2‖ξ‖∞, a.s., (D3) implies
that ξ + ‖ξ‖∞ ∈ Λ. Then we can deduce from (D2) that ξ = (ξ + ‖ξ‖∞) + (−‖ξ‖∞) ∈ Λ. 
For any F-adapted process X , we define its right-limit process by
X+t
△
= lim
n→∞
Xq+n (t), for any t ∈ [0, T ],
where q+n (t) is defined in (1.9). Since the filtration F is right-continuous, we see that X
+ is an F-adapted process.
It is now the time to present our Upcrossing Theorem for E-supermartingales.
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Theorem 2.3. (Upcrossing Theorem) Assume that (H0), (H1) hold and that Dom(E) ∈ D˜T . For any E-supermartingale
X, we assume either that XT ≥ c, a.s. for some c ∈ R or that the operator E [·] is concave: For any ξ, η ∈ Dom(E)
E [λξ + (1− λ)η] ≥ λE [ξ] + (1− λ)E [η], ∀λ ∈ (0, 1). (2.3)
Then for any two real numbers a < b, it holds that P
(
UDT (a, b;X) <∞
)
= 1. Thus we have
P
(
X+t = limn→∞
Xq+n (t) for any t ∈ [0, T ]
)
= 1. (2.4)
As a result, X+ is an RCLL process.
In the rest of this section, we assume that the F-expectation E satisfies (H0)-(H2) and that Dom(E) ∈ D˜T . The
following proposition will play a fundamental role throughout this paper.
Proposition 2.5. Let X be a non-negative E-supermartingale. (1) Assume either that esssup
t∈DT
Xt ∈ Dom+(E) or
that for any sequence {ξn}n∈N ⊂ Dom+(E) convergent a.s. to some ξ ∈ L0(FT ),
lim
n→∞
E [ξn] <∞ implies ξ ∈ Dom+(E). (2.5)
Then for any ν ∈ S0,T , X+ν belongs to Dom
+(E);
(2) If X+t ∈ Dom
+(E) for any t ∈ [0, T ], then X+ is an RCLL E-supermartingale such that for any t ∈ [0, T ],
X+t ≤ Xt, a.s.;
(3) Moreover, if the function t 7→ E [Xt] from [0, T ] to R is right continuous, then X+ is an RCLL modification of
X. Conversely, if X has a right-continuous modification, then the function t 7→ E [Xt] is right continuous.
Now we add one more hypothesis to the F-expectation E :
(H3) For any ξ ∈ Dom+(E) and ν ∈ S0,T , Xξ,+ν ∈ Dom
+(E).
In light of Proposition 2.5 (1), (H3) holds if esssup
t∈DT
E [ξ|Ft] ∈ Dom+(E) or if E satisfies (2.5).
For each ξ ∈ Dom#(E), we define ξ′
△
= ξ − c(ξ) ∈ Dom+(E). Clearly Xξ
′ △
=
{
E [ξ′|Ft]
}
t∈[0,T ]
is a non-negative
E-martingale. By (A2), E
[
Xξ
′
t
]
= E
[
E [ξ′|Ft]
]
= E [ξ′] for any t ∈ [0, T ], which means that t 7→ E
[
Xξ
′
t
]
is continuous
function on [0, T ]. Thanks to Proposition 2.5 (2) and (H3), the process Xξ
′,+
t
△
= lim
n→∞
Xξ
′
q+n (t)
, t ∈ [0, T ] is an RCLL
modification of Xξ
′
. Then for any ν ∈ S0,T , we define
E˜ [ξ|Fν ]
△
= Xξ
′,+
ν + c(ξ) (2.6)
as the conditional F-expectation of ξ at the stopping time ν ∈ S0,T . Since we have assumed Dom(E) ∈ D˜T , Lemma
2.1, (H3), (D2) as well as the non-negativity of Xξ
′,+
ν imply that
E˜ [ξ|Fν ] ∈ Dom
#(E), (2.7)
which shows that E˜ [·|Fν ] is an operator from Dom#(E) to Dom#ν (E)
△
= Dom#(E)∩L0(Fν). In fact,
{
E˜ [·|Ft]
}
t∈[0,T ]
defines a F-expectation on Dom#(E), as the next result shows.
Proposition 2.6. For any ξ ∈ Dom#(E), E˜ [ξ|F·] is an RCLL modification of E [ξ|F·].
{
E˜ [·|Ft]
}
t∈[0,T ]
is an
F-expectation with domain Dom(E˜) = Dom#(E) ∈ D˜T and satisfying (H0)-(H2); thus all preceding results are
applicable to E˜ .
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Proof: As Dom(E) ∈ D˜T is assumed, we see that Dom#(E) also belongs to D˜T . Fix ξ ∈ Dom#(E). Since Xξ
′,+
is an RCLL modification of Xξ
′
, (A4) implies that for any t ∈ [0, T ]
E˜ [ξ|Ft] = X
ξ′,+
t + c(ξ) = E [ξ
′|Ft] + c(ξ) = E [ξ
′ + c(ξ)|Ft] = E [ξ|Ft], a.s. (2.8)
Thus E˜ [ξ|F·] is actually an RCLL modification of E [ξ|F·]. Then it is easy to show that the pair
(
E˜ , Dom#(E)
)
satisfies (A1)-(A4) and (H0)-(H2); thus it is an F-expectation. 
We restate Proposition 2.5 with respect to E˜ for future use.
Corollary 2.2. Let X be an E˜-supermartingale such that essinf
t∈[0,T ]
Xt ≥ c, a.s. for some c ∈ R.
(1) If esssup
t∈DT
Xt ∈ Dom#(E) or if (2.5) holds, then X+ν belongs to Dom
#(E) for any ν ∈ S0,T ;
(2) If X+t ∈ Dom
#(E) for any t ∈ [0, T ], then X+ is an RCLL E˜-supermartingale such that for any t ∈ [0, T ],
X+t ≤ Xt, a.s.
(3) Moreover, if the function t 7→ E˜ [Xt] from [0, T ] to R is right continuous, then X+ is an RCLL modification of
X. Conversely, if X has a right-continuous modification, then the function t 7→ E˜ [Xt] is right continuous.
The next result is the Optional Sampling Theorem of E˜ for the stopping times in S0,T .
Theorem 2.4. (Optional Sampling Theorem 2) Let X be a right-continuous E˜-supermartingale (resp. E˜-martingale,
E˜-submartingale) such that essinf
t∈DT
Xt ≥ c, a.s. for some c ∈ R. If Xν ∈ Dom#(E) for any ν ∈ S0,T , then for any
ν, σ ∈ S0,T , we have
E˜ [Xν |Fσ] ≤ (resp. =, ≥)Xν∧σ, a.s.
Using the Optional Sampling Theorem, we are able to extend Corollary 2.1 and Proposition 2.4 to the operators
E˜ [·|Fν ], ν ∈ S0,T .
Corollary 2.3. For any ξ ∈ Dom#(E) and ν, σ ∈ S0,T , we have
E˜
[
E˜ [ξ|Fν ]
∣∣Fσ] = E˜ [ξ|Fν∧σ], a.s. (2.9)
Proof: Since
(
E˜ , Dom#(E)
)
is an F-expectation by Proposition 2.6, for any ξ ∈ Dom#(E), (A2) implies that the
RCLL process X˜ξ
△
=
{
E˜ [ξ|Ft]
}
t∈[0,T ]
is an E˜-martingale. For any t ∈ [0, T ], (2.8) and Proposition 2.2 (2) show that
X˜ξt = E˜ [ξ|Ft] ≥ E˜ [c(ξ)|Ft] = E [c(ξ)|Ft] = c(ξ), a.s.,
which implies that essinf
t∈[0,T ]
X˜ξt ≥ c(ξ), a.s. Then (2.7) and Theorem 2.4 give rise to (2.9). 
Proposition 2.7. For any ξ, η ∈ Dom#(E) and ν ∈ S0,T , it holds that
(1) “Strict Monotonicity”: E˜ [ξ|Fν ] ≤ E˜ [η|Fν ], a.s. if ξ ≤ η, a.s.; Moreover, if E˜ [ξ|Fσ] = E˜ [η|Fσ], a.s. for some
σ ∈ S0,T , then ξ = η, a.s.;
(2) “Zero-one Law”: E˜ [1Aξ|Fν ] = 1AE˜ [ξ|Fν ], a.s. for any A ∈ Fν ;
(3) “Translation Invariance”: E˜ [ξ + η|Fν ] = E˜ [ξ|Fν ] + η, a.s. if η ∈ Dom#ν (E);
(4) “Local Property”: E˜ [1Aξ + 1Acη|Fν ] = 1AE˜ [ξ|Fν ] + 1Ac E˜ [η|Fν ], a.s. for any A ∈ Fν ;
(5) “Constant-Preserving”: E˜ [ξ|Fν ] = ξ, a.s., if ξ ∈ Dom#ν (E).
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Remark 2.8. Corollary 2.3, Proposition 2.7 (2) and (2.8) imply that for any ξ ∈ Dom#(E) and ν ∈ S0,T ,
E [1Aξ] = E˜ [1Aξ] = E˜
[
E˜ [1Aξ|Fν ]
]
= E˜
[
1AE˜ [ξ|Fν ]
]
= E
[
1AE˜ [ξ|Fν ]
]
, ∀A ∈ Fν . (2.10)
In light of Proposition 2.2 (3), E˜ [ξ|Fν ] is the unique element (up to a P -null set) in Dom#ν (E) that makes (2.10)
hold. Therefore, we see that the random variable E˜ [ξ|Fν ] defined by (2.6) is exactly the conditional F-expectation
of ξ at the stopping time ν in the classical sense.
In light of Corollary 2.3 and Proposition 2.7, we can generalize Fatou’s Lemma (Theorem 2.1) and the Dominated
Convergence Theorem (Theorem 2.2) to the conditional F-expectation E˜ [·|Fν ], ν ∈ S0,T .
Proposition 2.8. (Fatou’s Lemma 2) Let {ξn}n∈N be a sequence in Dom#(E) that converges a.s. to some ξ ∈
Dom#(E) and satisfies essinf
n∈N
ξn ≥ c, a.s. for some c ∈ R, then for any ν ∈ S0,T , we have
E˜ [ξ|Fν ] ≤ lim
n→∞
E˜ [ξn|Fν ], a.s., (2.11)
where the right hand side of (2.11) could be equal to infinity with non-zero probability.
Proposition 2.9. (Dominated Convergence Theorem 2) Let {ξn}n∈N be a sequence in Dom#(E) that converges
a.s. and that satisfies essinf
n∈N
ξn ≥ c, a.s. for some c ∈ R. If there is an η ∈ Dom#(E) such that ξn ≤ η a.s. for any
n ∈ N, then the limit ξ of {ξn}n∈N belongs to Dom#(E) and for any ν ∈ S0,T , we have
lim
n→∞
E˜ [ξn|Fν ] = E˜ [ξ|Fν ], a.s. (2.12)
Proof of Propositions 2.8 and 2.9: In the proofs of Theorem 2.1 and Theorem 2.2, we only need to replace
{ξn}n∈N and E [·|Ft] by {ξn− c}n∈N and E˜ [·|Fν ] respectively. Instead of (A1), (A3) and (A4), we apply Proposition
2.7 (1)-(3). Moreover, since (A2) is only used on Dom+(E) in the proofs of Theorem 2.1 and Theorem 2.2, we can
substitute Corollary 2.3 for it. Eventually, a simple application of Proposition 2.7 (3) yields (2.11) and (2.12). 
3 Collections of F-Expectations
In this section, we will show that pasting of two F-expectations at a given stopping time is itself an F-expectation.
Moreover, pasting preserves (H1) and (H2). We will then introduce the concept of a stable class of F-expectations,
which are collections closed under pasting. We will solve the optimal stopping problems introduced in (1.1) and
(1.6) over this class of F-expectations. Before we show the pasting property of F-expectations, we introduce the
concept of convexity for an F-expectation and give one of the consequences of having convexity:
Definition 3.1. An F-expectation E is called “positively-convex” if for any ξ, η ∈ Dom+(E), λ ∈ (0, 1) and
t ∈ [0, T ]
E [λξ + (1 − λ)η|Ft] ≤ λE [ξ|Ft] + (1− λ)E [η|Ft], a.s.
Lemma 3.1. Any positively-convex F-expectation satisfies (H0). Moreover, an F-expectation E is positively-convex
if and only if the implied F-expectation
(
E˜ , Dom#(E)
)
is convex, i.e., for any ξ, η ∈ Dom#(E), λ ∈ (0, 1) and
t ∈ [0, T ]
E˜ [λξ + (1 − λ)η|Ft] ≤ λE˜ [ξ|Ft] + (1− λ)E˜ [η|Ft], a.s. (3.1)
Proposition 3.1. Let Ei, Ej be two F-expectations with the same domain Λ ∈ D˜T and satisfying (H1)-(H3). For
any ν ∈ S0,T , we define the pasting of Ei, Ej at the stopping time ν to be the following RCLL F-adapted process
Eνi,j [ξ|Ft]
△
= 1{ν≤t}E˜j [ξ|Ft] + 1{ν>t}E˜i
[
E˜j [ξ|Fν ]
∣∣Ft], ∀ t ∈ [0, T ] (3.2)
for any ξ ∈ Λ# = {ξ ∈ Λ : ξ ≥ c, a.s. for some c = c(ξ) ∈ R}. Then Eνi,j is an F-expectation with domain
Λ# ∈ D˜T and satisfying (H1) and (H2). Moreover, if Ei and Ej are both positively-convex, Eνi,j is convex in the
sense of (3.1).
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In particular, for any σ ∈ S0,T , applying Proposition 2.7 (4) and (5), we obtain
Eνi,j [ξ|Fσ] = 1{ν≤σ}E˜j [ξ|Fσ] + 1{ν>σ}E˜i
[
E˜j [ξ|Fν ]
∣∣Fσ] = 1{ν≤σ}E˜i[E˜j [ξ|Fσ]∣∣Fσ]+ 1{ν>σ}E˜i[E˜j [ξ|Fν ]∣∣Fσ]
= E˜i
[
1{ν≤σ}E˜j [ξ|Fσ] + 1{ν>σ}E˜j [ξ|Fν ]
∣∣Fσ] = E˜i[E˜j [ξ|Fν∨σ]∣∣Fσ], a.s., (3.3)
where we used the fact that {ν > σ} ∈ Fν∧σ thanks to Karatzas and Shreve [1991, Lemma 1.2.16].
Remark 3.1. Pasting may not preserve (H0). From now on, we will replace the (H0) assumption by the positive
convexity, which implies the former and which is an invariant property under pasting thanks to the previous two
results. Positive convexity is also important in constructing an optimal stopping time of (1.1) (see Theorem 4.1).
All of the ingredients are in place to introduce what we mean by a stable class of F-expectations. As we will
see in Lemma 4.2, stability assures that the essential supremum or infimum over the class can be approximated by
an increasing or decreasing sequence in the class.
Definition 3.2. A class E = {Ei}i∈I of F-expectations is said to be “stable” if
(1) All Ei, i ∈ I are positively-convex F-expectations with the same domain Λ ∈ D˜T and they satisfy (H1 )-(H3 );
(2) E is closed under pasting: namely, for any i, j ∈ I, ν ∈ S0,T , there exists a k = k(i, j, ν) ∈ I such that Eνi,j
coincides with E˜k on Λ#.
We shall denote Dom(E )
△
= Λ#, thus Dom(E ) = Dom#(Ei) ∈ D˜T for any i ∈ I. Moreover, if E ′ = {Ei}i∈I′
satisfies (2) for some non-empty subset I ′ of I, then we call E ′ a stable subclass of E , clearly Dom(E ′) = Dom(E ).
Remark 3.2. The notion of “pasting” for linear expectations was given by Fo¨llmer and Schied [2004, Definition
6.41]. The counterpart of Proposition 3.1 for the linear expectations, which states that pasting two probability
measures equivalent to P results in another probability measure equivalent to P , is given by Fo¨llmer and Schied
[2004, Lemma 6.43]. Note that in the case of linear expectations, (H1), (H2) and the convexity are trivially
preserved because pasting in that case gives us a linear expectation. On the other hand, the notion of stability for
linear expectations was given by Fo¨llmer and Schied [2004, Definition 6.44]. The stability is also referred to as
“fork convexity” in stochastic control theory, “m-stability” in stochastic analysis or “rectangularity” in decision
theory (see the introduction of Delbaen [2006] and Bion-Nadal [2009] for details).
Example 3.1. (1) Let P be the set of all probability measures equivalent to P , then EP
△
= {EQ}Q∈P is a stable
class of linear expectations; see Fo¨llmer and Schied [2004, Proposition 6.45].
(2) Consider a collection U of admissible control processes. For any U ∈ U, let PU be the equivalent probability
measure defined via Karatzas and Zamfirescu [2008, (5)] (or Karatzas and Zamfirescu [2006, (2.5)]), then EU
△
=
{EPU }U∈U is a stable class of linear expectations; see Subsection 7.3 of the present paper.
(3) For any M > 0, a family EM of convex Lipschitz g-expectations with Lipschitz coefficient Kg ≤M is an example
of stable class of non-linear expectations; see Subsection 7.1 of this paper.
The following Lemma gives us a tool for checking whether a random variable is inside the domain Dom(E ) of
a stable class E .
Lemma 3.2. Given a stable class E of F-expectations, a random variable ξ belongs to Dom(E ) if and only if
c ≤ ξ ≤ η, a.s. for some c ∈ R and η ∈ Dom(E ).
Proof: Consider a random variable ξ. If ξ ∈ Dom(E ), since Dom(E ) = Dom#(Ei) for any i ∈ I, we know that
there exists a c = c(ξ) ∈ R such that ξ ≥ c(ξ), a.s.
On the other hand, if c ≤ ξ ≤ η, a.s. for some c ∈ R and η ∈ Dom(E ), it follows that 0 ≤ ξ − c ≤ η − c, a.s.
Since Dom(E ) ∈ D˜T , we see that −c, c ∈ R ⊂ Dom(E ). Then (D2) shows that η − c ∈ Dom(E ) and thus (D3)
implies that ξ − c ∈ Dom(E ), which further leads to that ξ = (ξ − c) + c ∈ Dom(E ) thanks to (D2) again. 
We end this section by reviewing some basic properties of the essential supremum and essential infimum (for
their definitions, see e.g. Neveu [1975, Proposition VI-1-1], or Fo¨llmer and Schied [2004, Theorem A.32]).
Optimal Stopping for Non-linear Expectations 12
Lemma 3.3. Let {ξj}j∈J and {ηj}j∈J be two families of random variables of L0(F) with the same index set J .
(1) If ξj ≤ (=) ηj , a.s. for any j ∈ J , then esssup
j∈J
ξj ≤ (=) esssup
j∈J
ηj , a.s.
(2) For any A ∈ F , it holds a.s. that esssup
j∈J
(
1Aξj + 1Acηj
)
= 1Aesssup
j∈J
ξj + 1Acesssup
j∈J
ηj ; In particular,
esssup
j∈J
(
1Aξj
)
= 1Aesssup
j∈J
ξj, a.s.
(3) For any random variable γ ∈ L0(F) and any α > 0, we have esssup
j∈J
(αξj + γ) = α esssup
j∈J
ξj + γ, a.s.
Moreover, (1)-(3) hold when we replace esssup
j∈J
by essinf
j∈J
.
4 Optimal Stopping with Multiple Priors
In this section, we will solve an optimal stopping problem in which the objective of the stopper is to determine an
optimal stopping time τ∗ that satisfies
sup
(i,ρ)∈I×S0,T
Ei[Yρ +H
i
ρ] = sup
i∈I
Ei[Yτ∗ +H
i
τ∗ ], (4.1)
where E = {Ei}i∈I is a stable class of F-expectations, Y is a primary reward process and Hi is a model -dependent
cumulative reward process. (We will outline the assumptions on the reward processes below.) To find an optimal
stopping time, we shall build a so-called “E -upper Snell envelope”, which we will denote by Z0, of the reward process
Y . Namely, Z0 is the smallest RCLL F-adapted process dominating Y such that Z0+Hi is an E˜i-supermartingale
for any i ∈ I. We will show under certain assumptions that the first time Z0 meets Y is an optimal stopping time
for (4.1).
We start by making some assumptions on the reward processes: Let E = {Ei}i∈I be a stable class of F-
expectations accompanied by a family H
△
= {Hi}i∈I of right-continuous F-adapted processes that satisfies
(S1) For any i ∈ I, Hi0 = 0, a.s. and
Hiν,ρ
△
= Hiρ −H
i
ν ∈ Dom(E ), ∀ ν, ρ ∈ S0,T with ν ≤ ρ, a.s. (4.2)
Moreover, if no member of E satisfies (2.5), we assume that there exists a j ∈ I such that
ζj
△
= esssup
s,t∈DT ;s<t
Hjs,t ∈ Dom(E ). (4.3)
(S2) There exists a CH < 0 such that for any i ∈ I, essinf
s,t∈DT ;s<t
His,t ≥ CH , a.s.
(S3) For any ν ∈ S0,T and i, j ∈ I, it holds for any 0 ≤ s < t ≤ T that Hks,t = H
i
ν∧s,ν∧t +H
j
ν∨s,ν∨t, a.s., where
k = k
(
i, j, ν
)
∈ I is the index defined in Definition 3.2 (2).
Remark 4.1. (1) For any i ∈ I, (S2) and the right-continuity of Hi imply that except on a null set N(i)
His,t ≥ CH , for any 0 ≤ s < t ≤ T, thus H
i
ν,ρ ≥ CH , ∀ ν, ρ ∈ S0,T with ν ≤ ρ, a.s. (4.4)
(2) If (4.3) is assumed for some j ∈ I, we can deduce from the right-continuity of Hj and (4.4) that except on a
null set N
CH ≤ H
j
s,t ≤ ζ
j , for any 0 ≤ s < t ≤ T, thus CH ≤ H
j
ν,ρ ≤ ζ
j , ∀ ν, ρ ∈ S0,T with ν ≤ ρ, a.s.
Then Lemma 3.2 implies that (4.2) holds for j. Hence we see that (4.3) is a stronger condition than (4.2).
(3) Since Hi, Hj and Hk are all right-continuous processes, (S3) is equivalent to the statement that a.s.
Hks,t = H
i
ν∧s,ν∧t +H
j
ν∨s,ν∨t, ∀ 0 ≤ s < t ≤ T. (4.5)
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Now we give an example of H .
Lemma 4.1. Let {hi}i∈I be a family of progressive processes satisfying the following assumptions:
(h1) For any i ∈ I and ν, ρ ∈ S0,T with ν ≤ ρ, a.s.,
∫ ρ
ν h
i
t dt ∈ Dom(E ). Moreover, if no member of E satisfies
(2.5), we assume that there exists a j ∈ I such that
∫ T
0 |h
j
t | dt ∈ Dom(E ).
(h2) There exists a c < 0 such that for any i ∈ I, hit ≥ c, dt× dP -a.s.
(h3) For any ν ∈ S0,T and i, j ∈ I, it holds for any t ∈ [0, T ] that hkt = 1{ν≤t}h
j
t + 1{ν>t}h
i
t, dt× dP -a.s., where
k = k
(
i, j, ν
)
∈ I is the index defined in Definition 3.2 (2).
Then
{
Hit
△
=
∫ t
0
hisds, t ∈ [0, T ]
}
i∈I
is a family of right-continuous F-adapted processes satisfying (S1)-(S3).
Standing assumptions on Y in this section.
Let Y be a right-continuous F-adapted process that satisfies
(Y1) For any ν ∈ S0,T , Yν ∈ Dom(E ).
(Y2) sup
(i,ρ)∈I×S0,T
Ei
[
Y iρ
]
<∞, where Y i
△
= {Yt +H
i
t}t∈[0,T ]. Moreover, if no member of E satisfies (2.5), then we
assume that
ζY
△
= esssup
(i,ρ,t)∈I×S0,T×DT
E˜i[Y
i
ρ |Ft] ∈ Dom(E ). (4.6)
(Y3) essinf
t∈DT
Yt ≥ CY , a.s. for some CY < 0.
Remark 4.2. (1) For any i ∈ I, (A4) and (2.8) imply that Ei satisfies (2.5) if and only if E˜i satisfies the following:
Let {ξn}n∈N ⊂ Dom(E ) be a sequence converging a.s. to some ξ ∈ L0(FT ). If inf
n∈N
ξn ≥ c, a.s. for some c ∈ R,
then lim
n→∞
E˜i[ξn] <∞ implies ξ ∈ Dom(E ). The proof of this equivalence is similar to that of Corollary 2.2.
(2) It is clear that (4.6) implies sup
(i,ρ)∈I×S0,T
Ei
[
Y iρ
]
<∞.
(3) In light of (Y3) and the right-continuity of Y , it holds except on a null set N that
Yt ≥ CY , ∀ t ∈ [0, T ], thus Yν ≥ CY , ∀ ν ∈ S0,T . (4.7)
Then for any i ∈ I, Remark 4.1 (1) implies that except on a null set N˜(i)
Y iν = Yν +H
i
ν ≥ C∗
△
= CY + CH , ∀ ν ∈ S0,T . (4.8)
The following lemma states that the supremum or infimum over a stable class of F-expectations can be ap-
proached by an increasing or decreasing sequence in the class.
Lemma 4.2. Let ν ∈ S0,T and U be a non-empty subset of Sν,T such that
ρ11A + ρ21Ac ∈ U , ∀ ρ1, ρ2 ∈ U , ∀A ∈ Fν .
Let {X(ρ)}ρ∈U ⊂ Dom(E ) be a family of random variables, indexed by ρ, such that for any ν, σ ∈ U , 1{ν=σ}X(ν) =
1{ν=σ}X(σ), a.s., then for any stable subclass E
′ = {Ei}i∈I′ of E , there exist two sequences {(in, ρn)}n∈N and
{(i′n, ρ
′
n)}n∈N in I
′ × U such that
esssup
(i,ρ)∈I′×U
E˜i
[
X(ρ) +Hiν,ρ
∣∣Fν] = lim
n→∞
↑ E˜in
[
X(ρn) +H
in
ν,ρn
∣∣Fν], a.s., (4.9)
essinf
(i,ρ)∈I′×U
E˜i
[
X(ρ) +Hiν,ρ
∣∣Fν] = lim
n→∞
↓ E˜i′n
[
X(ρ′n) +H
i′n
ν,ρ′n
∣∣Fν], a.s. (4.10)
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For any ν ∈ S0,T and i ∈ I, let us define
Z(ν)
△
= esssup
(i,ρ)∈I×Sν,T
E˜i[Yρ +H
i
ν,ρ|Fν ] ∈ Fν and Z
i(ν)
△
= Z(ν) +Hiν .
Clearly, taking ρ = ν above yields that
Yν ≤ Z(ν), a.s. (4.11)
The following two Lemmas give the bounds on Z(ν), Zi(ν), i ∈ I, and show that they all belong to Dom(E ).
Lemma 4.3. For any ν ∈ S0,T and i ∈ I
Z(ν) ≥ C∗ and Z
i(ν) ≥ CY + 2CH , a.s. (4.12)
Moreover, if no member of E satisfies (2.5), then we further have
Z(ν) ≤ ζY − CH and Z
i(ν) ≤ ζY − CH +H
i
ν , a.s., (4.13)
where ζY − CH and ζY − CH +Hiν both belong to Dom(E ).
Lemma 4.4. For any ν ∈ S0,T and i ∈ I, both Z(ν) and Zi(ν) belong to Dom(E ).
In the next two propositions, we will see that the F-adapted process {Z(t)}t∈[0,T ] has an RCLL modification
Z0, and that both
{
Zi(t)
}
t∈[0,T ]
and Zi,0
△
=
{
Z0t +H
i
t
}
t∈[0,T ]
are E˜i-supermartingales for any i ∈ I.
Proposition 4.1. For any ν, σ ∈ S0,T and γ ∈ Sν,T , we have
Z(ν) = Z(σ), a.s. on {ν = σ}, (4.14)
esssup
i∈I
E˜i[Z(γ) +H
i
ν,γ |Fν ] = esssup
(i,ρ)∈I×Sγ,T
E˜i[Yρ +H
i
ν,ρ|Fν ] ≤ Z(ν), a.s. (4.15)
Proposition 4.2. Given i ∈ I, for any ν, ρ ∈ S0,T with ν ≤ ρ, a.s., we have
E˜i[Z
i(ρ)|Fν ] ≤ Z
i(ν), a.s. (4.16)
In particular,
{
Zi(t)
}
t∈[0,T ]
is an E˜i-supermartingale. Moreover, the process
{
Z(t)
}
t∈[0,T ]
admits an RCLL modi-
fication Z0. The process Zi,0
△
=
{
Z0t +H
i
t
}
t∈[0,T ]
is also an E˜i-supermartingale.
We call Z0 the “E -upper Snell envelope” of the reward process Y . From (4.11) and their right-continuity, we
see that Z0 dominates Y in the following sense:
Definition 4.1. We say that process X “dominates” process X ′ if P
(
Xt ≥ X ′t, ∀ t ∈ [0, T ]
)
= 1.
Remark 4.3. (1) If X dominates X ′, then Xν ≥ X ′ν , a.s. for any ν ∈ S0,T .
(2) Let X and X ′ be two right-continuous F-adapted processes. If P (Xt ≥ X ′t) = 1 holds for all t in a countable
dense subset of [0, T ], then X dominates X ′.
The following Proposition demonstrates that Z0 is the smallest RCLL F-adapted process dominating Y such
that Zi,0 is an E˜i-supermartingale for any i ∈ I.
Proposition 4.3. The process Z0 dominates the process Y . Moreover, for any ν ∈ S0,T and i ∈ I, we have
Z0ν , Z
i,0
ν ∈ Dom(E ) and
Z0ν = Z(ν), Z
i,0
ν = Z
i(ν), a.s. (4.17)
Furthermore, if X is another RCLL F-adapted process dominating Y such that X i
△
= {Xt + Hit}t∈[0,T ] is an
E˜i-supermartingale for any i ∈ I, then X also dominates Z0.
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As a consequence of Proposition 4.3 and (4.12), we have for any ν ∈ S0,T and i ∈ I that
Z0ν ≥ C∗, Z
i,0
ν ≥ CY + 2CH , a.s. (4.18)
In what follows, we first give approximately optimal stopping times. This family of stopping times will be crucial
in finding an optimal stopping time for (4.1).
Definition 4.2. For any δ ∈ (0, 1) and ν ∈ S0,T , we define
τδ(ν)
△
= inf
{
t ∈ [ν, T ] : Yt ≥ δZ
0
t + (1− δ)(CY + 2CH)
}
∧ T ∈ Sν,T
and Jδ(ν)
△
= esssup
i∈I
E˜i[Z
0
τδ(ν)
+Hiν,τδ(ν)|Fν ].
Remark 4.4. (1) For any δ ∈ (0, 1) and ν ∈ S0,T , the right-continuity of Y and Z0 implies that {τδ(t)}t∈[0,T ]
is also a right-continuous process. Moreover, since Z0T = Z(T ) = YT , a.s., we can deduce from (Y3) that YT >
δZ0T + (1 − δ)(CY + 2CH). Then the right-continuity of processes Y and Z
0 implies that
Yτδ(ν) ≥ δZ
0
τδ(ν)
+ (1− δ)(CY + 2CH), a.s.
(2) For any ν ∈ S0,T , we can deduce from (4.17) and (4.15) that
Jδ(ν) = esssup
i∈I
E˜i
[
Z0τδ(ν) +H
i
ν,τδ(ν)
∣∣Fν] = esssup
i∈I
E˜i
[
Z(τδ(ν)) +H
i
ν,τδ(ν)
∣∣Fν] ≤ Z(ν) = Z0ν , a.s. (4.19)
The following two results show that for any δ ∈ (0, 1), the family {Jδ(ν)}ν∈S0,T possesses similar properties to
{Z(ν)}ν∈S0,T .
Lemma 4.5. For any δ ∈ (0, 1) and ν ∈ S0,T , we have Jδ(ν) ∈ Dom(E ). And for any σ ∈ S0,T , Jδ(ν) = Jδ(σ),
a.s. on {ν = σ}.
Proposition 4.4. Given δ ∈ (0, 1), the followings statements hold:
(1) For any i ∈ I, {J iδ(t)
△
= Jδ(t) +H
i
t}t∈[0,T ] is an E˜i-supermartingale;
(2) {Jδ(t)}t∈[0,T ] admits an RCLL modification J
δ,0 such that the process Jδ,i,0
△
= {Jδ,0t +H
i
t}t∈[0,T ] is an
E˜i-supermartingale for each i ∈ I;
(3) For any ν ∈ S0,T , Jδ,0ν ∈ Dom(E ) and J
δ,0
ν = Jδ(ν), a.s.
Fix ν ∈ S0,T . The right continuity of Z0 and (4.18) imply that the stopping times τδ(ν) are increasing in δ.
Therefore, we can define the limiting stopping time
τ (ν)
△
= lim
δր1
τδ(ν). (4.20)
To show that τ (0) ∈ S0,T is an optimal stopping time for (4.1), we need the family of processes {Y i}i∈I to be
uniformly continuous from the left over the stable class E .
Definition 4.3. The family {Y i}i∈I is called “E -uniformly-left-continuous” if for any ν, ρ ∈ S0,T with ν ≤ ρ, a.s.
and for any sequence {ρn}n∈N ⊂ Sν,T increasing a.s. to ρ, we can find a subsequence {nk}k∈N of N such that
lim
k→∞
esssup
i∈I
∣∣∣E˜i[ nknk−1Yρnk +Hiρnk ∣∣Fν]− E˜i[Y iρ ∣∣Fν]∣∣∣ = 0, a.s. (4.21)
The next theorem shows that τ (ν) is not only the first time when process Z0 meets the process Y after ν, but
it is also an optimal stopping time after ν. The assumption that the elements of the stable class E are convex (see
(3.1)) becomes crucial in the proof of this result.
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Theorem 4.1. Assume that {Y i}i∈I is “E -uniformly-left-continuous”. Then for each ν ∈ S0,T , the stopping time
τ (ν) defined by (4.20) satisfies
Z(ν) = esssup
i∈I
E˜i
[
Yτ(ν)+H
i
ν,τ(ν)
∣∣Fν]= esssup
i∈I
E˜i
[
Z(τ (ν))+Hiν,τ(ν)
∣∣Fν]= esssup
i∈I
E˜i
[
Z(ρ)+Hiν,ρ
∣∣Fν], a.s. (4.22)
for any ρ ∈ Sν,τ(ν) and τ (ν) = τ1(ν)
△
= inf
{
t ∈ [ν, T ] : Z0t = Yt
}
, a.s.
In particular, taking ν = 0 in (4.22), one can deduce from (2.8) that τ (0) = inf
{
t ∈ [0, T ] : Z0t = Yt
}
satisfies
sup
(i,ρ)∈I×S0,T
Ei[Yρ +H
i
ρ] = sup
(i,ρ)∈I×S0,T
E˜i[Yρ +H
i
ρ] = Z(0) = sup
i∈I
E˜i
[
Yτ(0) +H
i
τ(0)
]
= sup
i∈I
Ei
[
Yτ(0) +H
i
τ(0)
]
.
Therefore, we see that τ (0), the first time the Snell envelope Z0 meets the process Y after time t = 0, is an optimal
stopping time for (4.1).
5 Robust Optimal Stopping
In this section we analyze the robust optimal stopping problem in which the stopper aims to find an optimal
stopping time τ∗ that satisfies
sup
ρ∈S0,T
inf
i∈I
Ei[Y
i
ρ ] = inf
i∈I
Ei[Y
i
τ∗ ], (5.1)
where E = {Ei}i∈I is a stable class of F-expectations and Y i = Y + Hi, i ∈ I is the model-dependent reward
process introduced in (5.1). (We will modify the assumptions on the reward processes shortly). In order to find
an optimal stopping time we construct the lower and the upper values of the optimal stopping problem at any
stopping time ν ∈ S0,T , i.e.,
V (ν)
△
= esssup
ρ∈Sν,T
(
essinf
i∈I
E˜i
[
Yρ+H
i
ν,ρ|Fν
])
, V (ν)
△
= essinf
i∈I
(
esssup
ρ∈Sν,T
E˜i
[
Yρ+H
i
ν,ρ|Fν
])
.
With the so-called “E -uniform-right-continuity” condition on {Y i}i∈I , we can show that at any ν ∈ S0,T , V (ν) and
V (ν) coincide with each other (see Theorem 5.1). We denote the common value, the value of the robust optimal
stopping problem, as V (ν) at ν. We will show that up to a stopping time τ (0) (see Lemma 5.2), at which we have
V (τ (0)) = Yτ(0), a.s., the stopped value process
{
V
(
τ(0) ∧ t
)}
t∈[0,T ]
admits an RCLL modification V 0. The main
result in this section, Theorem 5.2, shows that the first time V 0 meets Y is an optimal stopping time for (5.1).
Standing assumptions on H and Y in this section. Let us introduce
Ri(ν)
△
= esssup
ρ∈Sν,T
E˜i
[
Yρ+H
i
ν,ρ|Fν ], for any i ∈ I and ν ∈ S0,T .
To adapt the results we obtained for the family {Z(ν)}ν∈S0,T to each family {R
i(ν)}ν∈S0,T , i ∈ I, we assume that
H = {Hi}i∈I is a family of right-continuous F-adapted processes satisfying (S2), (S3) and,
(S1’) For any i ∈ I, Hi0 = 0, a.s. and (4.2) holds. If Ei does not satisfy (2.5), then we assume that ζ
i =
esssup
s,t∈DT ;s<t
His,t ∈ Dom(E ).
On the other hand, we assume that Y is a right-continuous F-adapted process that satisfies (Y1), (Y3) and
(Y2’) For any i ∈ I, sup
ρ∈S0,T
E˜i
[
Y iρ
]
<∞. If Ei does not satisfy (2.5), then we assume that esssup
(ρ,t)∈S0,T×DT
E˜i[Y iρ |Ft] ∈
Dom(E ).
We also assume that for any i ∈ I, Y i is “quasi-left-continuous” under E˜i: for any ν, ρ ∈ S0,T with ν ≤ ρ, a.s. and
for any sequence {ρn}n∈N ⊂ Sν,T increasing a.s. to ρ, we can find a subsequence
{
nk = n
(i)
k
}
k∈N
of N such that
lim
n→∞
E˜i
[
nk
nk−1
Yρnk +H
i
ρnk
∣∣Fν] = E˜i[Y iρ ∣∣Fν], a.s. (5.2)
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Remark 5.1. (S1’) and (Y2’) are analogous to (S1) and (Y2) respectively while the quasi-left-continuity (5.2) is
the counterpart of the E -uniform-left-continuity (4.21). It is obvious that (S1’) implies (S1) and that (4.21) gives
rise to (5.2). Moreover, (4.6) implies (Y2’): In fact, for any i ∈ I, one can deduce from (4.8) that
C∗ ≤ esssup
(ρ,t)∈S0,T×DT
E˜i[Y
i
ρ |Ft] ≤ esssup
(i,ρ,t)∈I×S0,T×DT
E˜i[Y
i
ρ |Ft], a.s.
Then Lemma 3.2 implies that esssup
(ρ,t)∈S0,T×DT
E˜i[Y iρ |Ft] ∈ Dom(E ), and it follows that sup
ρ∈S0,T
E˜i
[
Y iρ
]
<∞. 
Fix i ∈ I. Applying Lemma 4.4, (4.7), (4.4), (4.15), Proposition 4.2, Proposition 4.3 and Theorem 4.1 to the
family {Ri(ν)}ν∈S0,T , we obtain
Proposition 5.1. (1) For any ν ∈ S0,T , Ri(ν) belongs to Dom(E ) and satisfies
CY ≤ Yν ≤ esssup
ρ∈Sν,T
E˜i[Yρ +H
i
ν,ρ|Fν ] = R
i(ν), a.s., thus C∗ ≤ Y
i
ν , a.s. (5.3)
(2) For any ν, σ ∈ S0,T and γ ∈ Sν,T , we have
Ri(ν) = Ri(σ), a.s. on {ν = σ}, (5.4)
E˜i[R
i(γ) +Hiν,γ |Fν ] = esssup
ρ∈Sγ,T
E˜i[Yρ +H
i
ν,ρ|Fν ] ≤ R
i(ν), a.s. (5.5)
(3) The process
{
Ri(t)
}
t∈[0,T ]
admits an RCLL modification Ri,0, called “Ei Snell envelope”, such that {R
i,0
t +
Hit}t∈[0,T ] is an E˜i-supermartingale and that for any ν ∈ S0,T
Ri,0ν = R
i(ν), a.s. (5.6)
(4) For any ν ∈ S0,T , τ i(ν)
△
= inf{t ∈ [ν, T ] : Ri,0t = Yt} is an optimal stopping time with respect to E
i after time
ν, i.e., for any γ ∈ Sν,τ i(ν),
Ri(ν) = E˜i
[
Yτ i(ν) +H
i
ν,τ i(ν)|Fν ] = E˜i
[
Ri(τ i(ν)) +Hiν,τ i(ν)|Fν ] = E˜i
[
Ri(γ) +Hiν,γ |Fν ], a.s. (5.7)
Corollary 5.1. For any ν ∈ S0,T , both V (ν) and V (ν) belong to Dom(E ).
Proof: Fix (l, ρ) ∈ I × Sν,T , for any i ∈ I, (4.7), (4.4) and Proposition 2.7 (5) imply that
E˜i
[
Yρ+H
i
ν,ρ|Fν ] ≥ E˜i
[
CY + CH |Fν ] = C∗, a.s.
Taking the essential infimum over i ∈ I on the left-hand-side yields that
C∗ ≤ essinf
i∈I
E˜i
[
Yρ+H
i
ν,ρ|Fν ] ≤esssup
ρ∈Sν,T
(
essinf
i∈I
E˜i
[
Yρ+H
i
ν,ρ|Fν ]
)
= V (ν) ≤ V (ν) = essinf
i∈I
Ri(ν) ≤ Rl(ν), a.s.
Since Rl(ν) ∈ Dom(E ) by Proposition 5.1 (1), a simple application of Lemma 3.2 proves the corollary. 
As we will see in the next lemma since the stable class E is closed under pasting
(
see Definition 3.2 (2)
)
, V (ν)
can be approximated by a decreasing sequence that belongs to the family {Ri(ν)}i∈I .
Lemma 5.1. For any ν ∈ S0,T , there exists a sequence {in}n∈N ⊂ I such that
V (ν) = essinf
i∈I
Ri(ν) = lim
n→∞
↓Rin(ν), a.s. (5.8)
Thanks again to the stability of E under pasting, the infimum of the family {τ i(ν)}i∈I of optimal stopping
times can be approached by a decreasing sequence in the family. As a result the infimum is also a stopping time.
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Lemma 5.2. For any ν ∈ S0,T , there exists a sequence {in}n∈N ⊂ I such that
τ(ν)
△
= essinf
i∈I
τ i(ν) = lim
n→∞
↓ τ in(ν), a.s., thus τ (ν) ∈ Sν,T .
The family of stopping times {τ(ν)}ν∈S0,T will play a critical role in this section. The next lemma basically
shows that if E˜j and E˜k behave the same after some stopping time ν, then Rj,0 and Rk,0 are identical after ν:
Lemma 5.3. For any i, j ∈ I and ν ∈ S0,T , let k = k(i, j, ν) ∈ I as in Definition 3.2. For any σ ∈ Sν,T , we have
Rk,0σ = R
k(σ) = Rj(σ) = Rj,0σ , a.s.
Proof: For any ρ ∈ Sσ,T , applying Proposition 2.7 (5) to E˜i, we can deduce from (4.5) and (3.3) that
E˜k
[
Yρ +H
k
σ,ρ
∣∣Fσ] = E˜k[Yρ +Hjσ,ρ∣∣Fσ] = Eνi,j[Yρ +Hjσ,ρ∣∣Fσ] = E˜i[E˜j[Yρ +Hjσ,ρ∣∣Fν∨σ]∣∣Fσ]
= E˜i
[
E˜j
[
Yρ +H
j
σ,ρ
∣∣Fσ]∣∣Fσ] = E˜j[Yρ +Hjσ,ρ∣∣Fσ], a.s.
Then (5.6) implies that
Rk,0σ = R
k(σ) = esssup
ρ∈Sσ,T
E˜k
[
Yρ +H
k
σ,ρ
∣∣Fσ] = esssup
ρ∈Sσ,T
E˜j
[
Yρ +H
j
σ,ρ
∣∣Fσ] = Rj(σ) = Rj,0σ , a.s.,
which proves the lemma. 
We now introduce the notion of the uniform right continuity of the family {Y i}i∈I over the stable class E . With
this assumption on the reward processes, we can show that at any ν ∈ S0,T , V (ν) = V (ν), a.s., thus the robust
optimal stopping problem has a value V (ν) at ν.
Definition 5.1. The family {Y i}i∈I is called “E -uniformly-right-continuous” if for any ν ∈ S0,T and for any
sequence {νn}n∈N ⊂ Sν,T decreasing a.s. to ν, we can find a subsequence of {νn}n∈N (we still denote it by {νn}n∈N)
such that lim
n→∞
esssup
i∈I
∣∣∣E˜i[Y iνn |Fν ]− Y iν ∣∣∣ = 0, a.s.
Theorem 5.1. Suppose that {Y i}i∈I is “E -uniformly-right-continuous”. Then for any ν ∈ S0,T , we have
V (ν) = essinf
i∈I
E˜i
[
Yτ(ν) +H
i
ν,τ(ν)
∣∣Fν] = V (ν) ≥ Yν , a.s. (5.9)
We will denote the common value by V (ν)(= V (ν) = V (ν)). Observe that τ (0) is optimal for the robust optimal
stopping problem in (5.1).
Standing assumption on Y for the rest of this section. We assume that the family of processes {Y i}i∈I is
“E -uniformly-right-continuous”.
Proposition 5.2. For any ν ∈ S0,T , we have V (τ(ν)) = Yτ(ν), a.s.
Note that τ(ν) may not be the first time after ν when the value of the robust optimal stopping problem is
equal to the primary reward. Actually, since the process {V (t)}t∈[0,T ] is not necessarily right-continuous, inf{t ∈
[ν, T ] | V (t) = Yt} may not even be a stopping time. We will address this issue in the next two results.
Proposition 5.3. Given i ∈ I, for any ν, ρ ∈ S0,T with ν ≤ ρ, a.s., we have
essinf
k∈I
E˜k[V
k(ρ)|Fν ] ≤ V
i(ν), a.s., (5.10)
where V i(ν)
△
= V (ν) +Hiν ∈ Dom(E ). Moreover if ρ ≤ τ (ν), a.s., then
E˜i[V
i(ρ)|Fν ] ≥ V
i(ν), a.s. (5.11)
In particular, the stopped process
{
V i
(
τ (0) ∧ t
)}
t∈[0,T ]
is an E˜i-submartingale.
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Now we show that the stopped value process
{
V
(
τ (0)∧t
)}
t∈[0,T ]
admits an RCLL modification V 0. As a result,
the first time when the process V 0 meets the process Y after time t = 0 is an optimal stopping time of the robust
optimal stopping problem.
Theorem 5.2. Assume that for some i′ ∈ I, ζi
′
= esssup
s,t∈DT ;s<t
Hi
′
s,t ∈ Dom(E ) and that there exists a concave
F-expectation E ′ (not necessarily in E ) satisfying (H0) and (H1) such that
Dom(E ′) ⊃ {−ξ : ξ ∈ Dom(E )} and for every E˜i′-submartingale X, −X is an E ′-supermartingale. (5.12)
We also assume that for any ρ ∈ S0,T , there exists a j = j(ρ) ∈ I such that esssup
t∈DT
E˜j [Y
j
ρ |Ft] ∈ Dom(E ).
(1) Then the stopped value process
{
V
(
τ (0) ∧ t
)}
t∈[0,T ]
admits an RCLL modification V 0 (called “E -lower Snell
envelope” of Y ) such that for any ν ∈ S0,T
V 0ν = V (τ (0) ∧ ν), a.s. (5.13)
(2) Consequently,
τV
△
= inf{t ∈ [0, T ] : V 0t = Yt} (5.14)
is a stopping time. In fact, it is an optimal stopping time of (5.1).
6 Remarks on Sections 4 & 5
Remark 1.
Let E = {Ei}i∈I be a stable class of F-expectations. For any ξ ∈ Dom(E ) and ν ∈ S0,T , we define
E [ξ|Fν ]
△
= esssup
i∈I
E˜i[ξ|Fν ] and E [ξ|Fν ]
△
= essinf
i∈I
E˜i[ξ|Fν ]
as the maximal and minimal expectation of ξ over E at the stopping time ν. It is worth pointing out that E
is not an F -expectation on Dom(E ) simply because E [ξ|Ft] may not belong to Dom(E ) for some ξ ∈ Dom(E )
and t ∈ [0, T ]. On the other hand, we will see in Example 6.1 that neither E nor E satisfy strict monotonicity.
Moreover, as we shall see in the same example, E does not satisfy (H2) while E does not satisfy (H1); thus we do
not have a dominated convergence theorem for either E or E . Note also that E may not even be convex.
Our results in Sections 4 and 5 can be interpreted as a first step in extending the results for the optimal stopping
problem sup
ρ∈S0,T
Ei[Yρ], in which Ei (i ∈ I) is an F−expectation satisfying positive convexity and the assumptions
(H1)-(H3), to optimal stopping problems for other non-linear expectations, such as E and E , which may fail to
satisfy these assumptions.
Example 6.1. Consider a probability space
(
[0,∞),B[0,∞),F = {Ft}t≥0, P
)
be a filtered probability space in
which P is defined by
P (A)
△
=
∫
A
e−xdx, ∀A ∈ B[0,∞).
We assume that the filtration F satisfies the usual hypothesis. Let P denote the set of all probability measures
equivalent to P . For any n ∈ N, we define a Pn ∈ P by
Pn(A)
△
= n
∫
A
e−nxdx, ∀A ∈ B[0,∞).
As discussed in Example 3.1, E = {EQ}Q∈P is a stable class. For any h > 0, one can deduce that
1 = sup
Q∈P
EQ[1]≥E
[
1[0,h]
]
= sup
Q∈P
EQ
[
1[0,h]
]
≥ sup
n∈N
EPn
[
1[0,h]
]
= sup
n∈N
Pn[0, h] = lim
n∈N
(
1− e−nh
)
= 1,
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where we used the fact that E˜Q = EQ for any Q ∈ P since EQ[ξ|F·] is an RCLL process for any ξ ∈ L1
(
[0,∞),
B[0,∞), P
)
. Hence, we have
E
[
1[0,h]
]
= 1, ∀h > 0,
which implies that E does not satisfy strict monotonicity.
Moreover, E does not satisfy (H2). For ξ = 0, η = 1 and An = [0,
1
n ], n ∈ N, it follows that
lim
n→∞
↓ E [ξ + 1Anη] = lim
n→∞
E [1[0, 1
n
]] = 1 6= 0 = sup
Q∈P
E˜Q[0] = E [0] = E [ξ].
On the other hand, it is simple to see that E [1[h,∞)] = 0 for any h > 0, which means that E does not satisfy
strict monotonicity either. Furthermore, E does not satisfy (H1). For ξ = 1 and An = [
1
n ,∞), n ∈ N, we have that
lim
n→∞
↑E [1Anξ] = lim
n→∞
E [1[ 1
n
,∞)] = 0 6= 1 = inf
Q∈P
E˜Q[1] = E [1] = E [ξ]. 
Although it does not satisfy strict monotonicity, E is almost an F-expectations on Dom(E ) as we will see next.
Proposition 6.1. For any t ∈ [0, T ], E [·|Ft] is an operator from Dom(E ) to Domt(E )
△
= Dom(E ) ∩ L0(Ft).
Moreover, the family of operators
{
E [·|Ft]
}
t∈[0,T ]
satisfies (A2)-(A4) as well as
E [ξ|Ft] ≤ E [η|Ft], a.s. for any ξ, η ∈ Dom(E ) with ξ ≤ η, a.s. (6.1)
Remark 2.
We have found that the first time τ (0) when the Snell envelope Z0 meets the process Y is an optimal stopping
time for (4.1) while the first time τV when the process V
0 meets the process Y is an optimal stopping time for
(5.1). It is natural to ask whether τ (0) (resp. τV ) is the minimal optimal stopping time of (4.1) (resp. (5.1)). This
answer is affirmative when E is a singleton. Let E be a positively-convex F-expectation satisfying (H1)-(H3) and
let Y be a right-continuous F-adapted process satisfying (Y1), (Y3) and the following
sup
ρ∈S0,T
E [Yρ] <∞; if E does not satisfy (2.5), then esssup
(ρ,t)∈S0,T×DT
E˜ [Yρ|Ft] ∈ Dom
#(E).
(Note that we have here merged the cumulative reward process H into the primary reward process Y .) If τ ∈ S0,T
is an optimal stopping time for (4.1), i.e. sup
ρ∈S0,T
E [Yρ] = E [Yτ ], Proposition 4.2 and (4.17) imply that
sup
ρ∈S0,T
E [Yρ] = sup
ρ∈S0,T
E˜ [Yρ] = Z(0) ≥ E˜ [Z(τ)] = E˜
[
Z0τ
]
= E
[
Z0τ
]
≥ E [Yτ ] = sup
ρ∈S0,T
E [Yρ],
thus E [Z0τ ] = E [Yτ ]. The second part of (A1) then implies that Z
0
τ = Yτ , a.s. Hence τ (0) ≤ τ , a.s., which means
that τ (0) is the minimal stopping time for (4.1).
However, this is not the case in general. Let E = {Ei}i∈I be a stable class of F-expectations and let Y be a
right-continuous F-adapted process satisfying (Y1)-(Y3). We take Hi ≡ 0 for any i ∈ I. If τ ∈ S0,T is an optimal
stopping time for (4.1), i.e. sup
(i,ρ)∈I×S0,T
Ei[Yρ] = sup
i∈I
Ei[Yτ ], (4.15) and (4.17) then imply that
sup
(i,ρ)∈I×S0,T
Ei[Yρ] = sup
(i,ρ)∈I×S0,T
E˜i[Yρ] = Z(0) ≥ sup
i∈I
E˜i[Z(τ)] = sup
i∈I
Ei[Z(τ)]
= sup
i∈I
Ei
[
Z0τ
]
≥ sup
i∈I
Ei[Yτ ] = sup
(i,ρ)∈I×S0,T
Ei[Yρ],
thus E
[
Z0τ
]
= sup
i∈I
Ei
[
Z0τ
]
= sup
i∈I
Ei[Yτ ] = E [Yτ ]. However, this may not imply that Z0τ = Yτ , a.s. since E does not
satisfy strict monotonicity as we have seen in Example 6.1.
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Now we further assume that Y satisfies (Y2’), if τ ′ ∈ S0,T is an optimal stopping time for (5.1), i.e. sup
ρ∈S0,T
inf
i∈I
Ei[Yρ]
= inf
i∈I
Ei[Yτ ′ ], (5.10) and Theorem 5.1 imply that
sup
ρ∈S0,T
inf
i∈I
Ei[Yρ] = sup
ρ∈S0,T
inf
i∈I
E˜i[Yρ] = V (0) = V (0) ≥ inf
i∈I
E˜i[V (τ
′)] = inf
i∈I
Ei[V (τ
′)]
≥ inf
i∈I
Ei[Yτ ′ ] = sup
ρ∈S0,T
inf
i∈I
Ei[Yρ],
thus E [V (τ ′)] = inf
i∈I
Ei[V (τ ′)] = inf
i∈I
Ei[Yτ ′ ] = E [Yτ ′ ]. However, this may not imply that V (τ ′) = Yτ ′ , a.s. since E
does not satisfy strict monotonicity, which we have also seen in Example 6.1.
(
If V (τ ′) were a.s. equal to Yτ ′ , for
any i ∈ I, applying (4.14) to singleton {Ei}, we would deduce from (5.13) and Lemma 3.3 that
V 0τ ′∧τV = V (τ
′ ∧ τV ) = V (τ
′ ∧ τV ) = essinf
i∈I
Ri(τ ′ ∧ τV ) = essinf
i∈I
(
1{τ ′≤τV }R
i(τ ′) + 1{τ ′>τV }R
i(τV )
)
= 1{τ ′≤τV }essinf
i∈I
Ri(τ ′) + 1{τ ′>τV }essinf
i∈I
Ri(τV ) = 1{τ ′≤τV }V (τ
′) + 1{τ ′>τV }V (τV )
= 1{τ ′≤τV }V (τ
′) + 1{τ ′>τV }V (τV ) = 1{τ ′≤τV }V (τ
′) + 1{τ ′>τV }V
0
τV
= 1{τ ′≤τV }Yτ ′ + 1{τ ′>τV }YτV = Yτ ′∧τV , a.s.,
which would further imply that τV = τ
′ ∧ τV , a.s., thus τV ≤ τ ′, a.s.
)
7 Applications
In this section, we take a d-dimensional Brownian motion B on the probability space (Ω,F , P ) and consider the
Brownian filtration generated by it:
F =
{
Ft
△
= σ
(
σ
(
Bs; s ∈ [0, t]
)
∪ N
)}
t∈[0,T ]
, where N collects all P -null sets in F . (7.1)
We also let P denote the predictable σ-algebra with respect to F.
7.1 Lipschitz g-Expectations
Suppose that a “generator” function g = g(t, ω, z) : [0, T ]× Ω× Rd 7→ R satisfies
(i) g(t, ω, 0) = 0, dt× dP -a.s.
(ii) g is Lipschitz in z for some Kg > 0 : it holds dt× dP -a.s. that
|g(t, ω, z1)−g(t, ω, z2)| ≤ Kg|z1−z2|, ∀ z1, z2 ∈ Rd.
(7.2)
For any ξ ∈ L2(FT ), it is well known from Pardoux and Peng [1990] that the backward stochastic differential
equation (BSDE)
Γt = ξ +
∫ T
t
g(s,Θs)ds−
∫ T
t
ΘsdBs, t ∈ [0, T ] (7.3)
admits a unique solution
(
Γξ,g,Θξ,g
)
∈ C2
F
([0, T ]) × H2
F
([0, T ];Rd) (for convenience, we will denote (7.3) by
BSDE(ξ, g) in the sequel), based on which Peng [1997] introduced the so-called “g-expectation” of ξ by
Eg[ξ|Ft]
△
= Γξ,gt , t ∈ [0, T ]. (7.4)
To show that the g-expectation Eg is an F-expectation with domain Dom(Eg) = L2(FT ), we first note that
L2(FT ) ∈ D˜T . The (strict) Comparison Theorem for BSDEs (see e.g. Peng [1997, Theorem 35.3]) then shows that
(A1) holds for the family of operators
{
Eg[·|Ft] : L2(FT ) 7→ L2(Ft)
}
t∈[0,T ]
, while the uniqueness of the solution
(Γξ,g,Θξ,g) to the BSDE(ξ, g) implies that the family
{
Eg[·|Ft]
}
t∈[0,T ]
satisfies (A2)-(A4) (see e.g. Peng [1997,
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Lemma 36.6] and Coquet et al. [2002, Lemma 2.1]). Therefore, Eg is an F-expectation with domain Dom(Eg) =
L2(FT ).
Moreover, the generator g characterizes Eg in the following ways:
(1) Theorem 3.2 of Jiang [2008] (see also Proposition 10 of Rosazza Gianin [2006]) shows that Eg[·|Ft] is a convex
(resp. concave) operator on L2(FT ) for any t ∈ [0, T ] if and only if the generator g is convex (resp. concave) in z,
i.e., it holds dt× dP -a.s. that
g(t, λz1 + (1− λ)z2)≤ (resp. ≥) λg(t, z1) + (1− λ)g(t, z2), ∀λ ∈ (0, 1), ∀ z1, z2 ∈ R
d. (7.5)
(2) Let g˜ be another generator satisfying (7.2). If it holds dt× dP -a.s. that
g(t, z) ≥ g˜(t, z), ∀ z ∈ Rd,
the Comparison Theorem for BSDEs (see e.g. El Karoui et al. [1997] or Peng [2004, Proposition 5.1]) shows that
for any ξ ∈ L2(FT ) and t ∈ [0, T ]
Eg[ξ|Ft] ≥ Eg˜[ξ|Ft], a.s. (7.6)
Thanks to Theorem 4.1 of Briand et al. [2000], the reverse statement also holds given that almost surely, the
mapping t→ g(t, z) is continuous for any z ∈ Rd.
(3) g−(t, ω, z)
△
= −g(t, ω,−z), (t, ω, z) ∈ [0, T ] × Ω × Rd also satisfies (7.2). Its corresponding g-expectation Eg−
relates to Eg in that for any ξ ∈ L2(FT ) and t ∈ [0, T ]
Eg− [ξ|Ft] = −Eg[−ξ|Ft], a.s. (7.7)(
In fact, multiplying both sides of BSDE(−ξ, g) by −1, we see that the pair
(
− Γ−ξ,g,−Θ−ξ,g
)
solves the
BSDE(ξ, g−).
)
To show that the g-expectation Eg satisfies (H0)-(H3), we need two basic inequalities it satisfies.
Lemma 7.1. Let g be a generator satisfying (7.2).
(1) For any ξ ∈ L2(FT ), we have∥∥∥ sup
t∈[0,T ]
∣∣Eg[ξ|Ft]∣∣∥∥∥
L2(FT )
+
∥∥Θξ,g∥∥
L2
F
([0,T ];Rd)
≤ Ce(Kg+K
2
g)T ‖ξ‖L2(FT ),
where C is a universal constant independent of ξ and g.
(2) For any µ ≥ Kg and ξ, η ∈ L
2(FT ), it holds a.s. that∣∣Eg[ξ|Ft]− Eg[η|Ft]∣∣ ≤ Egµ[|ξ − η|∣∣Ft], ∀ t ∈ [0, T ],
where the generator gµ is defined by gµ(z)
△
= µ|z|, z ∈ Rd.
Proof: A simple application of Briand et al. [2000, Proposition 2.2] yields (1). On the other hand, (2) is a mere
generalization of Peng [2004, Proposition 3.7, inequality (60)] by taking into account the continuity of processes
Eg[ξ|F·] and Egµ [ξ|F·] for any ξ ∈ L
2(FT ). 
Proposition 7.1. Let g be a generator satisfying (7.2). Then Eg satisfies (H0)-(H3).
Remark 7.1. Since Eg[ξ|F·] is a continuous process for any ξ ∈ L2(FT ), we see from (2.6) that E˜g[·|Fν ] is just a
restriction of Eg[·|Fν ] to L
2,#(FT )
△
= {ξ ∈ L2(FT ) : ξ ≥ c, a.s. for some c = c(ξ) ∈ R} for any ν ∈ S0,T .
Thanks to Proposition 7.1, all results on F-expectations E and E˜ in Section 2 are applicable to g-expectations.
In the following example we deliver the promise we made in Remark 2.7. This example indicates that for some
g-expectations, lim
n→∞
Eg[ξn] < ∞ is not a sufficient condition for lim
n→∞
ξn ∈Dom+(Eg) = L2,+(FT )
△
= {ξ ∈ L2(FT ) :
ξ ≥ 0, a.s.} given that {ξn}n∈N is an a.s. convergent sequence in Dom+(Eg).
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Example 7.1. Consider a probability space ([0, 1],B[0, 1], λ), where λ is the Lebesgue measure on [0, 1]. We define
a generator g˜(z)
△
= −|z|, z ∈ Rd. For any n ∈ N, it is clear that the random variable
{
ξn(ω)
△
= ω−
1
2+
1
n+2
}
ω∈[0,1]
∈
L2,+(FT ) = Dom+(g˜). Proposition 2.2 (2) then implies that
0 = Eg˜[0] ≤ Eg˜[ξn] = Γ
ξn, g˜
0 = ξn −
∫ T
0
|Θξn, g˜s |ds−
∫ T
0
Θξn, g˜s dBs ≤ ξn −
∫ T
0
Θξn, g˜s dBs.
Taking the expected value of the above inequality yields that
0 ≤ Eg˜[ξn] ≤ E
[
ξn −
∫ T
0 Θ
ξn, g˜
s dBs
]
= E[ξn] =
∫ 1
0
ω−
1
2+
1
n+2 dω =
1
1
2 +
1
n+2
< 2. (7.8)
Since {ξn}n∈N is an increasing sequence, we can deduce from (A1) and (7.8) that 0 ≤ lim
n→∞
↑ Eg˜[ξn] ≤ 2. However,
lim
n→∞
↑ ξn =
{
ω−
1
2
}
ω∈[0,1]
does not belong to L2,+(FT ) = Dom+(g˜). 
Similar to Proposition 3.1, pasting two g-expectations at any stopping time generates another g-expectation.
Proposition 7.2. Let g1, g2 be two generators satisfying (7.2) with Lipschitz coefficients K1 and K2 respectively.
For any ν ∈ S0,T , we define the pasting of Eg1 , Eg2 at ν to be the following continuous F-adapted process
Eνg1,g2 [ξ|Ft]
△
= 1{ν≤t}Eg2 [ξ|Ft] + 1{ν>t}Eg1
[
Eg2 [ξ|Fν ]
∣∣Ft], ∀ t ∈ [0, T ] (7.9)
for any ξ ∈ L2(FT ). Then Eνg1,g2 is exactly the g-expectation Egν with
gν(t, ω, z)
△
= 1{ν(ω)≤t}g2(t, ω, z) + 1{ν(ω)>t}g1(t, ω, z), (t, ω, z) ∈ [0, T ]× Ω× R
d, (7.10)
which is a generator satisfying (7.2) with the Lipschitz coefficient K1 ∨K2.
Fix M > 0, we denote by GM the collection of all convex generators g satisfying (7.2) with Lipschitz coefficient
Kg ≤ M . Proposition 7.2 shows that the family of convex g-expectations EM
△
= {Eg}g∈GM is closed under the
pasting (7.9). To wit, EM is a stable class of g-expectations in the sense of Definition 3.2. In what follows we let
G ′ be a non-empty subset of GM such that E
′ △= {Eg}g∈G ′ is closed under pasting. Now we make the following
assumptions on the reward processes:
Standing assumptions on the reward processes in this subsection. Let Y be a continuous F-adapted
process with
ζ′Y
△
=
(
esssup
t∈DT
Yt
)+
∈ L2(FT ) (7.11)
and satisfying (Y3). Moreover, for any g ∈ G ′, we suppose that the model-dependent cumulative reward process is
in the form of
Hgt
△
=
∫ t
0
hgsds, ∀ t ∈ [0, T ],
where {hgt , t ∈ [0, T ]}g∈G ′ is a family of predictable processes satisfying the following assumptions:
(h˜1) There exists a c′ < 0 such that for any g ∈ G ′, hgt ≥ c
′, dt× dP -a.s.
(h˜2) The random variable ω 7→
∫ T
0 h
′(t, ω) dt belongs to L2(FT ) with h′(t, ω)
△
=
(
esssup
g∈G ′
hgt (ω)
)+ (
the essential
supremum is taken with respect to the product measure space ([0, T ]×Ω, P, λ×P ), where λ denotes the Lebesgue
measure on [0, T ]
)
.
(h˜3) For any ν ∈ S0,T and g1, g2 ∈ G
′, it holds for any 0 ≤ s < t ≤ T that
hg
ν
t = 1{ν≤t}h
g2
t + 1{ν>t}h
g1
t , dt× dP -a.s.,
where gν is defined in (7.10).
Then the triple
(
E ′,H ′
△
= {Hg}g∈G ′ , Y
)
satisfies all the conditions stated in Section 4 and 5. Thus we can
carry out the optimal stopping theory developed for F-expectations to (E ′,H ′, Y ) as we will see next.
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Theorem 7.1. The stable class E ′ satisfies (5.12), the family of processes H ′ satisfies (S1’) (thus (S1) see Remark
5.1), (S2) and (S3), while the process Y satisfies (Y1), (4.6)
(
thus (Y2’), again by Remark 5.1
)
and (Y3). Moreover,
the family of processes
{
Y gt
△
= Yt +H
g
t , t ∈ [0, T ]
}
g∈G ′
is both “E ′-uniformly-left-continuous”
(
thus satisfies (5.2),
see also Remark 5.1
)
and “E ′-uniformly-right-continuous”.
7.2 Existence of an Optimal Prior in (4.1) for g-Expectations
For certain collections of g-expectations, we can even determine an optimal generator g∗ in the following sense:
Eg∗[Y
g∗
τ(0)] = sup
g∈G
Eg
[
Y gτ(0)
]
= sup
(g,ρ)∈G×S0,T
Eg[Y
g
ρ ],
where the optimal stopping time τ(0) is defined as in Theorem 4.1.
Let S be a separable metric space with metric | · |S such that S is a countable union of non-empty compact
subsets. We denote by S the Borel σ-algebra of S and take H0
F
([0, T ];S) as the space of admissible control
strategies. For any U ∈ H0
F
([0, T ];S), we define the generator
g
U
(t, ω, z)
△
= go(t, ω, z, Ut(ω)), (7.12)
where the function go(t, ω, z, u) : [0, T ]× Ω× Rd × S 7→ R satisfies:
(go1) go is P ⊗B(Rd)⊗S/B(R)-measurable.
(go2) It holds dt× dP -a.s. that go(t, ω, 0, u) = 0 for any u ∈ S.
(go3) go is Lipschitz in z: For some Ko > 0, it holds dt× dP -a.s. that
|go(t, ω, z1, u)− g
o(t, ω, z2, u)| ≤ Ko|z1 − z2|, ∀ z1, z2 ∈ R
d, ∀u ∈ S.
(go4) go is convex in z: It holds dt× dP -a.s. that
go(t, ω, λz1+(1−λ)z2, u) ≤ λg
o(t, ω, z1, u)+(1−λ)g
o(t, ω, z2, u), ∀λ ∈ (0, 1), ∀ z1, z2 ∈ R
d, ∀u ∈ S.
Now fix a non-empty subset U of H0
F
([0, T ];S) that preserves “pasting”, i.e., for any ν ∈ S0,T and U1, U2 ∈ U,
Uνt (ω)
△
= 1{ν(ω)≤t}U
2
t (ω) + 1{ν(ω)>t}U
1
t (ω), (t, ω) ∈ [0, T ]× Ω, (7.13)
also belongs to U. Then it is easy to check that {Eg
U
}U∈U ⊂ EKo forms a stable class of g-expectations.
Let Y still be a continuous F-adapted process satisfying (7.11) and (Y3). For any U ∈ U, assume that the
model dependent reward process has a density which is given by
hUt (ω)
△
= h(t, ω, Ut(ω)), (t, ω) ∈ [0, T ]× Ω,
where h(t, ω, u) : [0, T ]× Ω× S 7→ R is a P ⊗S/B(R)-measurable function satisfying the following assumptions:
(hˆ1) For some c < 0, it holds dt× dP -a.s. that h(t, ω, u) ≥ c for any u ∈ S.
(hˆ2) The random variable ω 7→
∫ T
0 hˆ(t, ω)dt belongs to L
2(FT ) with hˆ(t, ω)
△
=
(
esssup
U∈U
hUt (ω)
)+ (
the essential
supremum is taken with respect to the product measure space ([0, T ]×Ω, P, λ×P ), where λ denotes the Lebesgue
measure on [0, T ]
)
.
It is easy to see that {hUt , t ∈ [0, T ]}U∈U is a family of predictable processes satisfying (h˜1)-(h˜3). Hence, we can
apply the optimal stopping theory developed for F-expectations to the triple
(
{Eg
U
}U∈U, {h
U}U∈U, Y
)
thanks to
Theorem 7.1. Now let us construct a so-called Hamiltonian function
H(t, ω, z, u)
△
= go(t, ω, z, u) + h(t, ω, u), (t, ω, z, u) ∈ [0, T ]× Ω× Rd × S.
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We assume that for any (t, ω, z) ∈ [0, T ]× Ω× Rd, there exists a u = u∗(t, ω, z) ∈ S such that
sup
u∈S
H(t, ω, z, u) = H
(
t, ω, z, u∗(t, ω, z)
)
. (7.14)
(This is valid, for example, when the metric space S is compact and the mapping u 7→ H(t, ω, z, u) is continuous.)
Then it can be shown (see Benesˇ [1970, Lemma 1] or Elliott [1982, Lemma 16.34]) that the mapping u∗ : [0, T ]×
Ω× Rd 7→ S can be selected to be P ⊗B(Rd)/S-measurable.
The following theorem is the main result of this subsection.
Theorem 7.2. There exists a U∗ ∈ U such that sup
(U,ρ)∈U×S0,T
Eg
U
[
Y Uρ
]
= Eg
U∗
[
Y U
∗
τ(0)
]
, where the stopping time τ (0)
is as in Theorem 4.1.
7.3 The Cooperative Game of Karatzas and Zamfirescu [2006] Revisited
In this subsection, we apply the results of the last subsection to extend the results of Karatzas and Zamfirescu
[2006]. Let us first recall their setting:
• Consider the canonical space (Ω,F) =
(
C([0, T ];Rd),B(C([0, T ];Rd))
)
endowed with Wiener measure P , under
which the coordinate mapping process B(t, ω) = ω(t), t ∈ [0, T ] becomes a standard d-dimensional Brownian
motion. We still take the filtration F generated by the Brownian motion B (see (7.1)) and let P denote the
predictable σ-algebra with respect to F.
• It is well-known (see e.g. Elliott [1982, Theorem 14.6]) that given a x ∈ Rd, there exists a pathwise unique, strong
solution X(·) of the stochastic equation
X(t) = x+
∫ t
0
σ(s,X)dBs, t ∈ [0, T ],
where the diffusion term σ(t, ω) is a Rd×d-valued predictable process satisfying:
(σ1)
∫ T
0 |σ(t,
~0)|2dt <∞ and σ(t, ω) is nonsingular for any (t, ω) ∈ [0, T ]× Ω.
(σ2) There exists a K > 0 such that for any ω, ω˜ ∈ Ω and t ∈ [0, T ]
‖σ−1(t, ω)‖ ≤ K and
∣∣σij(t, ω)− σij(t, ω˜)∣∣ ≤ K‖ω − ω˜‖∗t , ∀ 1 ≤ i, j ≤ n (7.15)
with ‖ω‖∗t
△
= sup
s∈[0,t]
|ω(s)|.
• Let f(t, ω, u) : [0, T ]× Ω× S 7→ Rd is a P ⊗S/B(Rd)-measurable function such that
( i) For any u ∈ S, the mapping (t, ω) 7→ f(t, ω, u) is predictable (i.e. P-measurable);
(ii) With the same K as in (7.15),
|f(t, ω, u)| ≤ K
(
1 + ‖ω‖∗t
)
, ∀ (t, ω, u) ∈ [0, T ]× Ω× S. (7.16)
For any U ∈ U˜
△
= H0
F
([0, T ];S), Karatzas and Zamfirescu [2006, page 166] shows that
dPU
dP
△
= exp
{∫ T
0
〈σ−1(t,X)f(t,X, Ut), dBt〉 −
1
2
∫ T
0
∣∣σ−1(t,X)f(t,X, Ut)∣∣2dt}
defines a probability measure PU .
The objective of Karatzas and Zamfirescu [2006] is to find an optimal stopping time τ∗ ∈ S0,T and an optimal
control strategy U∗ ∈ U˜ that maximizes the expected reward
EU
[
ϕ(X
(
ρ)
)
+
∫ ρ
0
h(s,X, Us)ds
]
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over (ρ, U) ∈ S0,T × U˜. Here ϕ : Rd 7→ R is a bounded continuous function, and h(t, ω, u) : [0, T ]× Ω × S 7→ R is
a P ⊗S/B(R)-measurable function such that |h(t, ω, u)| ≤ K for any (t, ω, u) ∈ [0, T ]×Ω× S
(
with the same K
that appears in (7.15)
)
.
Corollary 8 of Karatzas and Zamfirescu [2006] shows that under (7.16), the process
Z˜(t)
△
= esssup
(U,ρ)∈U˜×St,T
EU
[
ϕ
(
X(ρ)
)
+
∫ ρ
t
h(s,X, Us)ds
∣∣∣∣Ft], t ∈ [0, T ]
admits an RCLL modification Z˜0, and that the first time processes Z˜0 and
{
ϕ
(
X(t)
)}
t∈[0,T ]
meet with each other,
i.e. τ (0)
△
= inf
{
t ∈ [0, T ] | Z˜0t = ϕ
(
X(t)
)}
, is an optimal stopping time. That is,
sup
(U,ρ)∈U˜×S0,T
EU
[
ϕ
(
X(ρ)
)
+
∫ ρ
0
h(s,X, Us)ds
]
= sup
U∈U˜
EU
[
ϕ
(
X(τ(0))
)
+
∫ τ(0)
0
h(s,X, Us)ds
]
. (7.17)
Moreover, if for any (t, ω, z) ∈ [0, T ] × Ω × Rd, there is a u∗(t, ω, z) ∈ S which is P ⊗ B(Rd)/S-measurable
such that
sup
u∈S
H˜(t, ω, z, u) = H˜
(
t, ω, z, u∗(t, ω, z)
)
(7.18)
with H˜(t, ω, z, u)
△
=
〈
σ−1(t, ω)f(t, ω, u), z
〉
+ h(t, ω, u), (t, ω, z, u) ∈ [0, T ]× Ω × Rd × S, then there further exists
an optimal control strategy U∗ ∈ U˜ (see Karatzas and Zamfirescu [2006, Section 8]) such that
sup
(U,ρ)∈U˜×S0,T
EU
[
ϕ
(
X(ρ)
)
+
∫ ρ
0
h(s,X, Us)ds
]
= EU∗
[
ϕ
(
X(τ (0))
)
+
∫ τ(0)
0
h(s,X, U∗s )ds
]
. (7.19)
In the main result of this subsection, we will show that the assumption of Karatzas and Zamfirescu [2006] that
ϕ and h are bounded from above by constants can be relaxed and replaced by linear-growth conditions. This comes,
however, at the cost of strengthening the assumption stated in (7.16).
Proposition 7.3. With the same K as in (7.15), we assume that
−K ≤ ϕ(x) ≤ K|x|, ∀x ∈ Rd (7.20)
and that for a.e. t ∈ [0, T ]
|f(t, ω, u)| ≤ K and −K ≤ h(t, ω, u) ≤ K‖ω‖∗T , ∀ (ω, u) ∈ Ω× S. (7.21)
Then the process
{
Z˜(t)
}
t∈[0,T ]
has a RCLL modification Z˜0, and the first time τ (0) when the process Z˜0 meets the
process
{
ϕ
(
X(t)
)}
t∈[0,T ]
is an optimal stopping time; i.e., it satisfies (7.17). Moreover, if there exists a measurable
mapping u∗ : [0, T ]× Ω× Rd 7→ S satisfying (7.18), then there exists an optimal control strategy U∗ ∈ U˜ such that
(7.19) holds.
7.4 Quadratic g-Expectations
Now we consider a quadratic generator gˆ = gˆ(t, ω, z) : [0, T ]× Ω× Rd 7→ R that satisfies
(i) gˆ(t, ω, 0) = 0, dt× dP -a.s.
(ii) For some κ > 0, it holds dt× dP -a.s. that∣∣∣∂gˆ∂z (t, ω, z)∣∣∣ ≤ κ(1 + |z|), ∀ z ∈ Rd.
(iii) gˆ is convex in z in the sense of (7.5).
(7.22)
Note that under (ii), (i) is equivalent to the following statement: It holds dt× dP -a.s. that
|gˆ(t, ω, z)| ≤ κ
(
|z|+ 12 |z|
2
)
, ∀ z ∈ Rd. (7.23)
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In fact, it is clear that (7.23) implies (i). Conversely, for dt× dP -a.s. (t, ω) ∈ [0, T ]× Ω, one can deduce that for
any z ∈ Rd, |gˆ(t, ω, z)| =
∣∣gˆ(t, ω, z)− gˆ(t, ω, 0)∣∣ = ∣∣ ∫ 1
0
∂gˆ
∂z (t, λz)zdλ
∣∣ ≤ κ ∫ 1
0
(1 + λ|z|)|z|dλ = κ
(
|z|+ 12 |z|
2
)
.
For any ξ ∈ Le(FT ), Briand and Hu [2008, Corollary 6]
(
where we take f = g, thus α(t) ≡ κ2 and (β, γ) = (0, 2κ)
)
shows that the quadratic BSDE(ξ, gˆ) admits a unique solution
(
Γξ,gˆ,Θξ,gˆ
)
∈ Ce
F
([0, T ]) ×MF([0, T ];Rd). Hence
we can correspondingly define the “quadratic” g-expectation of ξ by
Egˆ[ξ|Ft]
△
= Γξ,gˆt , t ∈ [0, T ].
To show that the quadratic g-expectation Egˆ is an F-expectation with domain Dom(Egˆ) = L
e(FT ), we first note
that Le(FT ) ∈ D˜T
(
Clearly, Le(FT ) satisfies (D1) and (D3) and R ⊂ Le(FT ). For any ξ, η ∈ Le(FT ), A ∈ FT and
λ > 0, we have E
[
eλ|1Aξ|
]
≤ E
[
eλ|ξ|
]
< ∞ and E
[
eλ|ξ+η|
]
≤ E
[
eλ|ξ|eλ|η|
]
≤ 12E
[
e2λ|ξ|
]
+ 12E
[
e2λ|η|
]
< ∞, thus
(D2) also holds for Le(FT )
)
. Similar to the Lipschitz g-expectation case, the uniqueness of the solution (Γξ,gˆ,Θξ,gˆ)
to the quadratic BSDE(ξ, gˆ) implies that the family of operators
{
Egˆ[·|Ft] : Le(FT ) 7→ Le(Ft)
}
t∈[0,T ]
satisfies
(A2)-(A4) (cf. Peng [1997, Lemma 36.6] and Coquet et al. [2002, Lemma 2.1]), while a comparison theorem for
quadratic BSDEs (see e.g. Briand and Hu [2008, Theorem 5]) and the following proposition show that (A1) also
holds for the family
{
Egˆ[·|Ft]
}
t∈[0,T ]
.
Proposition 7.4. Let gˆ be a quadratic generator satisfying (7.22). For any ξ1, ξ2 ∈ Le(FT ), if ξ1 ≥ ξ2, a.s., then
it holds a.s. that
Γξ1,gˆt ≥ Γ
ξ2,gˆ
t , ∀ t ∈ [0, T ]. (7.24)
Moreover, if Γξ1,gˆν = Γ
ξ2,gˆ
ν , a.s. for some ν ∈ S0,T , then
ξ1 = ξ2, a.s. (7.25)
Therefore, the quadratic g-expectation Egˆ is an F-expectation with domain Dom(Egˆ) = Le(FT ). Similar to
the Lipschitz g-expectation case, the convexity (7.22)(iii) of the quadratic generator gˆ as well as Theorem 5 of
Briand and Hu [2008] determine that Egˆ[·|Ft] is a convex operator on Le(FT ) for any t ∈ [0, T ]. Hence, Egˆ satisfies
(H0) thanks to Lemma 3.1. To see Egˆ also satisfying (H1)-(H3), we need the following stability result.
Lemma 7.2. If ξn → ξ, a.s. and E
[
eλ|ξ|
]
+ sup
n∈N
E
[
eλ|ξn|
]
<∞ for any λ > 0, then
lim
n→∞
E
[
sup
t∈[0,T ]
∣∣∣Egˆ[ξn|Ft]− Egˆ[ξ|Ft]∣∣∣] = 0. (7.26)
Proof: Taking fn ≡ g and f = g in Proposition 7 of Briand and Hu [2008] yields that
lim
n→∞
E
[
exp
{
p sup
t∈[0,T ]
∣∣∣Egˆ[ξn|Ft]− Egˆ[ξ|Ft]∣∣∣}] = 0, ∀ p ≥ 1.
Then (7.26) follows since E
[
sup
t∈[0,T ]
∣∣∣Egˆ[ξn|Ft]−Egˆ[ξ|Ft]∣∣∣]≤E[exp{ sup
t∈[0,T ]
∣∣∣Egˆ[ξn|Ft]−Egˆ[ξ|Ft]∣∣∣}] for any n ∈ N. 
Proposition 7.5. Let gˆ be a quadratic generator satisfying (7.22). Then the quadratic g-expectation Egˆ satisfies
(H0)-(H3).
Similar to Remark 7.1, since Egˆ[ξ|F·] is a continuous process for any ξ ∈ L
e(FT ), we see from (2.6) that E˜gˆ[·|Fν ]
is just a restriction of Egˆ[·|Fν ] to Le,#(FT )
△
= {ξ ∈ Le(FT ) : ξ ≥ c, a.s. for some c ∈ R} for any ν ∈ S0,T . Therefore,
all results on F-expectations E and E˜ in Section 2 work for quadratic g-expectations.
The next result, which shows the existence of an optimal stopping time for a quadratic g-expectation, is the
main result of this subsection.
Theorem 7.3. Let gˆ be a quadratic generator satisfying (7.22). For any right-continuous F-adapted process Y
with ζˆY
△
=
(
esssup
t∈DT
Yt
)+
∈ Le(FT ) and satisfying (Y3), we have
sup
ρ∈S0,T
Egˆ[Yρ] = Egˆ[Yτ(0)],
where τ (0) is as in Theorem 4.1.
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8 Proofs
8.1 Proofs of Section 2
Proof of Proposition 2.1: For any ξ ∈ Λ and t ∈ [0, T ], let us define Eo[ξ|Ft]
△
= ξt. We will check that the
system
{
Eo[ξ|Ft], ξ ∈ Λ
}
t∈[0,T ]
satisfies (A1)-(A4); thus it is an F-expectation with domain Λ.
1) For any η ∈ Λ with ξ ≤ η, a.s., we set A
△
=
{
Eo[ξ|Ft] > Eo[η|Ft]
}
∈ Ft, thus 1AEo[ξ|Ft] ≥ 1AEo[η|Ft]. It follows
from (a1) and (a2) that
Eo
[
1AE
o[ξ|Ft]
]
≥ Eo
[
1AE
o[η|Ft]
]
= Eo[1Aη] ≥ E
o[1Aξ] = E
o
[
1AE
o[ξ|Ft]
]
,
which shows that Eo
[
1AEo[ξ|Ft]
]
= Eo
[
1AEo[η|Ft]
]
. Then the “strict monotonicity” of (a1) further implies that
1AEo[ξ|Ft] = 1AEo[η|Ft], a.s., thus P (A) = 0, i.e., Eo[ξ|Ft] ≤ Eo[η|Ft], a.s.
Moreover, if 0 ≤ ξ ≤ η, a.s. and Eo[ξ|F0] = Eo[η|F0], applying (a2) with A = Ω and γ = 0, we obtain
Eo[ξ] = Eo
[
Eo[ξ|F0]
]
= Eo
[
Eo[η|F0]
]
= Eo[η].
Then the strict monotonicity of (a1) implies that ξ = η, a.s., proving (A1).
2) Let 0 ≤ s ≤ t ≤ T , for any A ∈ Fs ⊂ Ft and γ ∈ Λs ⊂ Λt, one can deduce that
Eo
[
1AE
o
[
Eo[ξ|Ft]
∣∣Fs]+ γ] = Eo[1AEo[ξ|Ft] + γ] = Eo[1Aξ + γ].
Since Eo
[
Eo[ξ|Ft]
∣∣Fs] ∈ Fs, (a2) implies that Eo[ξ|Fs] = ξs = Eo[Eo[ξ|Ft]∣∣Fs], proving (A2).
3) Fix A ∈ Ft, for any A˜ ∈ Ft and γ ∈ Λt, we have
Eo
[
1A˜
(
1AE
o[ξ|Ft]
)
+ γ
]
= Eo
[
1A˜∩AE
o[ξ|Ft] + γ
]
= Eo
[
1A˜∩Aξ + γ
]
= Eo
[
1A˜(1Aξ) + γ
]
.
Since 1AEo[ξ|Ft] ∈ Ft, (a2) implies that Eo[1Aξ|Ft] = 1AEo[ξ|Ft], proving (A3).
4) For any A ∈ Ft and η, γ ∈ Λt, (D2) implies that 1Aη + γ ∈ Λt, thus we have
Eo
[
1A
(
Eo[ξ|Ft] + η
)
+ γ
]
= Eo
[
1AE
o[ξ|Ft] + (1Aη + γ)
]
= Eo
[
1Aξ + (1Aη + γ)
]
= Eo
[
1A(ξ + η) + γ
]
.
Then it follows from (a2) that Eo[ξ + η|Ft] = Eo[ξ|Ft] + η, proving (A4). 
Proof of Proposition 2.2: (1) For any A ∈ Ft, using (A3) twice, we obtain
E [1Aξ+1Acη|Ft] = 1AE [1Aξ+1Acη|Ft]+1AcE [1Aξ+1Acη|Ft]=E [1A(1Aξ+1Acη)|Ft]+E [1Ac(1Aξ+1Acη)|Ft]
= E [1Aξ|Ft] + E [1Acη|Ft] = 1AE [ξ|Ft] + 1AcE [η|Ft], a.s.
(2) Applying (A3) with a null set A and ξ = 0, we obtain E [0|Ft] = E [1A0|Ft] = 1AE [0|Ft] = 0, a.s. If ξ ∈ Domt(E),
(A4) implies that E [ξ|Ft] = E [0 + ξ|Ft] = E [0|Ft] + ξ = ξ, a.s.
(3) If ξ ≤ η, a.s., (A1) directly implies that for any A ∈ Fν , E [1Aξ] ≤ E [1Aη]. On the other hand, suppose that
E [1Aξ] ≤ E [1Aη] for any A ∈ Fν . We set A˜
△
= {ξ > η} ∈ Fν , thus 1A˜ξ ≥ 1A˜η ≥ c ∧ 0, a.s. Using (A1) we see that
E [1A˜ξ] ≥ E [1A˜η]; hence E [1A˜ξ] = E [1A˜η]. Then (A4) implies that
E [1A˜ξ − c ∧ 0] = E [1A˜ξ]− c ∧ 0 = E [1A˜η]− c ∧ 0 = E [1A˜η − c ∧ 0].
Applying the second part of (A1), we obtain that 1A˜ξ− c∧ 0 = 1A˜η− c∧ 0, a.s., which implies that P (A˜) = 0, i.e.
ξ ≤ η, a.s. 
Proof of Proposition 2.3: We shall only consider the E-supermartingale case, as the other cases can be deduced
similarly. We first show that for any s ∈ [0, T ] and ν ∈ SF0,T
E [Xν |Fs] ≤ Xν∧s, a.s. (8.1)
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To see this, we note that since {ν ≤ s} ∈ Fs, (A3) and Proposition 2.2 (2) imply that
E [Xν |Fs] = 1{ν>s}E [Xν |Fs] + 1{ν≤s}E [Xν |Fs] = E
[
1{ν>s}Xν∨s
∣∣Fs]+ E[1{ν≤s}Xν∧s∣∣Fs]
= 1{ν>s}E
[
Xν∨s
∣∣Fs]+ 1{ν≤s}E[Xν∧s∣∣Fs] = 1{ν>s}E[Xν∨s∣∣Fs]+ 1{ν≤s}Xν∧s, a.s. (8.2)
Suppose that νs
△
= ν ∨ s takes values in a finite subset {t1 < · · · < tn} of [s, T ]. Then (A4) implies that
E [Xνs |Ftn−1] = E
[
1{νs=tn}Xtn
∣∣Ftn−1]+ n−1∑
i=1
1{νs=ti}Xti , a.s.
Since {νs = tn} = {νs > tn−1} ∈ Ftn−1 , (A3) shows that
E
[
1{νs=tn}Xtn
∣∣Ftn−1] = 1{νs=tn}E [Xtn |Ftn−1 ] ≤ 1{νs=tn}Xtn−1 , a.s.
Thus it holds a.s. that E [Xνs |Ftn−1 ] ≤ 1{νs>tn−2}Xtn−1 +
n−2∑
i=1
1{νs=ti}Xti . Applying E [·|Ftn−2 ] on both sides, we
can further deduce from (A2)-(A4) that
E
[
Xνs
∣∣Ftn−2] = E[E[Xνs∣∣Ftn−1]∣∣∣Ftn−2] ≤ 1{νs>tn−2}E [Xtn−1 |Ftn−2 ] + n−2∑
i=1
1{νs=ti}Xti
≤ 1{νs>tn−2}Xtn−2 +
n−2∑
i=1
1{νs=ti}Xti = 1{νs>tn−3}Xtn−2 +
n−3∑
i=1
1{νs=ti}Xti , a.s.
Inductively, it follows that E [Xνs |Ft1 ] ≤ Xt1 , a.s. Applying (A2) once again, we obtain
E
[
Xνs
∣∣Fs] = E[E[Xνs∣∣Ft1]∣∣∣Fs] ≤ E [Xt1 |Fs] ≤ Xs, a.s.,
which together with (8.2) implies that
E [Xν |Fs] ≤ 1{ν>s}Xs + 1{ν≤s}Xν∧s = Xν∧s, a.s., proving (8.1).
Let σ ∈ SF0,T taking values in a finite set {s1 < · · · < sm}, then
E [Xν |Fσ] =
m∑
j=1
1{σ=sj}E [Xν |Fsj ] ≤
m∑
j=1
1{σ=sj}Xν∧sj = Xν∧σ, a.s. 
Proof of Proposition 2.4: Given ξ ∈ Dom(E), we let ν ∈ SF0,T take values in a finite set {t1 < · · · < tn}.
1) For any η ∈ Dom(E) with ξ ≤ η, a.s., (A1) implies that
E [ξ|Fν ] =
n∑
i=1
1{ν=ti}E [ξ|Fti ] ≤
n∑
i=1
1{ν=ti}E [η|Fti ] = E [η|Fν ], a.s.
Moreover, if 0 ≤ ξ ≤ η, a.s. and E [ξ|Fσ] = E [η|Fσ], a.s. for some σ ∈ SF0,T , we can apply Corollary 2.1 to obtain
E [ξ] = E
[
E [ξ|Fσ]
]
= E
[
E [η|Fσ]
]
= E [η].
The second part of (A1) then implies that ξ = η, a.s., proving (1).
2) For any A ∈ Fν , it is clear that A∩ {ν = ti} ∈ Fti for each i ∈ {1, · · · , n}. Hence we can deduce from (A3) that
E [1Aξ|Fν ] =
n∑
i=1
1{ν=ti}E [1Aξ|Fti ] =
n∑
i=1
E [1{ν=ti}∩Aξ|Fti ] =
n∑
i=1
1{ν=ti}∩AE [ξ|Fti ]
= 1A
n∑
i=1
1{ν=ti}E [ξ|Fti ] = 1AE [ξ|Fν ], a.s., proving (2).
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3) For any η ∈ Domν(E), since 1{ν=ti}η ∈ Domti(E) for each i ∈ {1, · · · , n}, (A3) and (A4) imply that
E [ξ + η|Fν ] =
n∑
i=1
1{ν=ti}E [ξ + η|Fti ] =
n∑
i=1
E [1{ν=ti}ξ + 1{ν=ti}η|Fti ] =
n∑
i=1
(
E [1{ν=ti}ξ|Fti ] + 1{ν=ti}η
)
=
n∑
i=1
1{ν=ti}E [ξ|Fti ] + η = E [ξ|Fν ] + η, a.s., proving (3).
The proof of (4) and (5) is similar to that of Proposition 2.2 (1) and (2) by applying the just obtained “Zero-one
Law” and “Translation Invariance”. 
Proof of Theorem 2.1: (H1) is an easy consequence of the lower semi-continuity (2.2). In fact, for any ξ ∈
Dom+(E) and any {An}n∈N ⊂ FT with lim
n→∞
↑1An = 1 a.s., {1Anξ}n∈N is an increasing sequence converging to ξ.
Then applying the lower semi-continuity with ν = 0 and using (A1), we obtain E [ξ] ≤ lim
n→∞
↑ E [1Anξ] ≤ E [ξ]; so
(H1) follows.
On the other hand, to show that (H1) implies the lower semi-continuity, we first extend (H1) as follows: For
any ξ ∈ Dom+(E) and any {An}n∈N ⊂ FT with lim
n→∞
↑1An = 1, a.s., it holds for any t ∈ [0, T ] that
lim
n→∞
↑ E [1Anξ|Ft] = E [ξ|Ft], a.s. (8.3)
In fact, by (A1), it holds a.s. that
{
E [1Anξ|Ft]
}
n∈N
is an increasing sequence bounded from above by E [ξ|Ft].
Hence, lim
n→∞
↑ E [1Anξ|Ft] ≤ E [ξ|Ft], a.s. Assuming that limn→∞
↑ E [1Anξ|Ft] < E [ξ|Ft] with a positive probability, we
can find an ε > 0 such that the set Aε =
{
lim
n→∞
↑ E [1Anξ|Ft] ≤ E [ξ|Ft] − ε
}
∈ Ft still has positive probability.
Hence for any n ∈ N, we have
1AεE [1Anξ|Ft] ≤ 1Aε limn→∞
↑ E [1Anξ|Ft] ≤ 1Aε
(
E [ξ|Ft]− ε
)
, a.s.
Then (A1)-(A4) imply that
E [1Aε1Anξ] + ε = E [1Aε1Anξ + ε] = E
[
E [1Aε1Anξ + ε|Ft]
]
= E
[
1AεE [1Anξ|Ft] + ε
]
≤ E
[
1AεE [ξ|Ft] + ε1Acε
]
= E
[
E [1Aεξ + ε1Acε |Ft]
]
= E [1Aεξ + ε1Acε ].
Using (A4), (H1) and (A1), we obtain
E [1Aεξ + ε] = E [1Aεξ] + ε = lim
n→∞
↑ E [1An1Aεξ] + ε ≤ E [1Aεξ + ε1Acε ] ≤ E [1Aεξ + ε],
thus E [1Aεξ + ε] = E [1Aεξ + ε1Acε ]. Then the second part of (A1) implies that 1Aεξ + ε = 1Aεξ + ε1Acε , a.s., which
can hold only if P (Aε) = 0. This results in a contradiction. Thus lim
n→∞
↑ E [1Anξ|Ft] = E [ξ|Ft], a.s., proving (8.3).
Next, we show that (2.2) holds for each deterministic stopping time ν = t ∈ [0, T ]. For any j, n ∈ N, we define
Ajn
△
= ∩∞k=n{|ξ − ξk| < 1/j} ∈ FT . (A1) and (A4) imply that for any k ≥ n
E [1Ajnξ|Ft] ≤ E [1{|ξ−ξk|<1/j}ξ|Ft] ≤ E [ξk + 1/j|Ft] = E [ξk|Ft] + 1/j, a.s.
Hence, except on a null set N jn, the above inequality holds for any k ≥ n. As k →∞, it holds on
(
N jn
)c
that
E [1Ajnξ|Ft] ≤ lim
k→∞
E [ξk|Ft] + 1/j.
(Here it is not necessary that lim
k→∞
E [ξk|Ft] <∞, a.s.) Since ξn → ξ, a.s. as n→∞, it is clear that lim
n→∞
↑1Ajn = 1,
a.s. Then (8.3) implies that E [ξ|Ft] = lim
n→∞
↑ E [1Ajnξ|Ft] holds except on a null set N
j
0 . Let N
j = ∪∞n=0N
j
n. It then
holds on
(
N j
)c
that
E [ξ|Ft] = lim
n→∞
↑ E [1Ajnξ|Ft] ≤ lim
k→∞
E [ξk|Ft] + 1/j.
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As j →∞, it holds except on the null set ∪∞j=1N
j that
E [ξ|Ft] ≤ lim
n→∞
E [ξn|Ft]. (8.4)
Let ν ∈ SF0,T taking values in a finite set {t1 < · · · < tn}. Then we can deduce from (8.4) that
E [ξ|Fν ] =
n∑
i=1
1{ν=ti}E [ξ|Fti ] ≤
n∑
i=1
1{ν=ti} lim
n→∞
E [ξn|Fti ] = lim
n→∞
n∑
i=1
1{ν=ti}E [ξn|Fti ] = lim
n→∞
E [ξn|Fν ], a.s., (8.5)
which completes the proof. 
Proof of Theorem 2.2: We first show an extension of (H2): For any ξ, η ∈ Dom+(E) and any {An}n∈N ⊂ FT
with lim
n→∞
↓1An = 0, a.s., it holds a.s. that
lim
n→∞
↓ E [ξ + 1Anη|Ft] = E [ξ|Ft], a.s. (8.6)
In fact, by (A1), it holds a.s. that
{
E [ξ + 1Anη|Ft]
}
n∈N
is a decreasing sequence bounded from below by E [ξ|Ft].
Hence, lim
n→∞
↓ E [ξ+1Anη|Ft] ≥ E [ξ|Ft], a.s. Assume that limn→∞
↓ E [ξ+1Anη|Ft] > E [ξ|Ft] with a positive probability,
then we can find an ε > 0 such that the set A′ε =
{
lim
n→∞
↓ E [ξ + 1Anη|Ft] ≥ E [ξ|Ft] + ε
}
∈ Ft still has positive
probability. For any n ∈ N, (A4) implies that
1A′εE [ξ + 1Anη|Ft] ≥ 1A′ε limn→∞
↓ E [ξ + 1Anη|Ft] ≥ 1A′ε
(
E [ξ|Ft] + ε
)
= 1A′εE [ξ + ε|Ft], a.s.
Applying (A1)-(A3), we obtain
E [1A′εξ + 1An1A′εη] = E
[
E [1A′εξ + 1An1A′εη|Ft]
]
= E
[
1A′εE [ξ + 1Anη|Ft]
]
≥ E
[
1A′εE [ξ + ε|Ft]
]
= E
[
E [1A′ε(ξ + ε)|Ft]
]
= E
[
1A′ε(ξ + ε)
]
.
Thanks to (H2) we further have
E [1A′εξ] = limn→∞
↓ E [1A′εξ + 1An1A′εη] ≥ E
[
1A′ε(ξ + ε)
]
≥ E
[
1A′εξ
]
,
thus E [1A′εξ] = E [1A′ε(ξ + ε)
]
. Then the second part of (A1) implies that P (A′ε) = 0, which yields a contradiction.
Therefore, lim
n→∞
↓ E [ξ + 1Anη|Ft] = E [ξ|Ft], a.s., proving (8.6).
Since the sequence {ξn}n∈N is bounded above by η, it holds a.s. that ξ = lim
n→∞
ξn ≤ η, thus (D3) implies that
ξ ∈ Dom(E). Then Fatou’s Lemma (Theorem 2.1) implies that for any ν ∈ SF0,T ,
E [ξ|Fν ] ≤ lim
n→∞
E [ξn|Fν ], a.s. (8.7)
On the other hand, we first fix t ∈ [0, T ]. For any j, n ∈ N, define Ajn
△
= ∩∞k=n{|ξ − ξk| < 1/j} ∈ FT . Then one can
deduce that for any k ≥ n
E [ξk|Ft] ≤ E [1Ajn(ξ + 1/j) + 1(Ajn)cη|Ft] ≤ E [ξ + 1/j + 1(Ajn)c(η − ξ)|Ft], a.s.
Hence, except on a null set N jn, the above inequality holds for any k ≥ n. As k →∞, it holds on
(
N jn
)c
that
lim
k→∞
E [ξk|Ft] ≤ E [ξ + 1/j + 1(Ajn)c(η − ξ)|Ft].
Since ξ ∈ L0(FT ) and ξn → ξ, a.s. as n→ ∞, it is clear that lim
n→∞
↑ 1Ajn = 1, a.s. Then (8.6) and (A4) imply that
except on a null set N j0 , we have
lim
n→∞
↓ E [ξ + 1/j + 1(Ajn)c(η − ξ)|Ft] = E [ξ + 1/j|Ft] = E [ξ|Ft] + 1/j.
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Let N j = ∪∞n=0N
j
n, thus it holds on
(
N j
)c
that
lim
k→∞
E [ξk|Ft] ≤ E [ξ|Ft] + 1/j.
As j → ∞, it holds except on the null set ∪∞j=1N
j that lim
n→∞
E [ξn|Ft] ≤ E [ξ|Ft]. Then for any ν ∈ SF0,T , using an
argument similar to (8.5), we can deduce that
lim
n→∞
E [ξn|Fν ] ≤ E [ξ|Fν ], a.s.,
which together with (8.7) proves the theorem. 
Proof of Theorem 2.3: Let F = {t1 < t2 < · · · < td} be any finite subset of DT . For j = 1, · · · , d, we define
Aj = {νj < T } ∈ Fνj , clearly, Aj ⊃ Aj+1. Let d
′ =
⌊ d
2
⌋
, one can deduce that UF
(
a, b;X
)
=
d′∑
j=1
1A2j and that
1∪d′j=1(A2j−1\A2j)
(XT − a) ≥ 1∪d′j=1(A2j−1\A2j)
1{XT<a}(XT − a) ≥ 1{XT<a}(XT − a) = −(a−XT )
+.
Since XT ∈ Dom(E) and L∞(FT ) ⊂ Dom(E) (by Lemma 2.1), we can deduce from (D2) that
(b− a)UF
(
a, b;X
)
− (a−XT )
+ =
d′∑
j=1
1A2j (b − a) + 1{XT<a}(XT − a) ∈ Dom(E).
Then Proposition 2.4 (1)-(3) and Proposition 2.3 imply that
E
[
(b − a)UF
(
a, b;X
)
− (a−XT )
+
∣∣Fν2d′ ] ≤ (b− a) d
′∑
j=1
1A2j + E
[
1∪d′j=1(A2j−1\A2j)
(XT − a)
∣∣Fν2d′ ]
= (b − a)
d′∑
j=1
1A2j+ 1∪d′j=1(A2j−1\A2j)
(
E [XT |Fν2d′ ]− a
)
≤ (b− a)
d′∑
j=1
1A2j+ 1∪d′j=1(A2j−1\A2j)
(
Xν2d′− a
)
, a.s.
Applying E [·|Fν2d′−1 ] to the above inequality, using Proposition 2.4 (1)-(3) and Proposition 2.3 once again, we
obtain
E
[
(b − a)UF
(
a, b;X
)
− (a−XT )
+
∣∣Fν2d′−1]
≤ E
[
(b − a)
d′−1∑
j=1
1A2j+
(
1A2d′−1 + 1∪d′−1j=1 (A2j−1\A2j)
)(
Xν2d′ − a
)∣∣∣Fν2d′−1]
= (b− a)
d′−1∑
j=1
1A2j + E
[(
1A2d′−1 + 1∪d′−1j=1 (A2j−1\A2j)
)(
Xν2d′ − a
)∣∣∣Fν2d′−1]
= (b− a)
d′−1∑
j=1
1A2j +
(
1A2d′−1 + 1∪d′−1j=1 (A2j−1\A2j)
)(
E [Xν2d′ |Fν2d′−1 ]− a
)
≤ (b− a)
d′−1∑
j=1
1A2j +
(
1A2d′−1 + 1∪d′−1j=1 (A2j−1\A2j)
)
(Xν2d′−1 − a)
≤ (b− a)
d′−1∑
j=1
1A2j + 1∪d′−1j=1 (A2j−1\A2j)
(Xν2d′−1 − a), a.s.,
where we used the fact that Xν2d′ > b on A2d′ in the first inequality and the fact that Xν2d′−1 < a on A2d′−1 in
the last inequality. Similarly, applying E [·|Fν2d′−2 ] to the above inequality yields that
E
[
(b − a)UF
(
a, b;X
)
− (a−XT )
+
∣∣Fν2d′−2] ≤ (b− a) d
′−1∑
j=1
1A2j + 1∪d′−1j=1 (A2j−1\A2j)
(Xν2d′−2 − a), a.s.
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Iteratively applying E [·|Fν2d′−3 ], E [·|Fν2d′−4 ] and so on, we eventually obtain that
E
[
(b− a)UF
(
a, b;X
)
− (a−XT )
+
]
≤ 0. (8.8)
We assume first that XT ≥ c, a.s. for some c ∈ R. Since (a−XT )+ ≤|a|+ |c|, it directly follows from (A4) that
0 ≥ E
[
(b− a)UF
(
a, b;X
)
− (a−XT )
+
]
≥ E
[
(b− a)UF
(
a, b;X
)]
− (|a|+ |c|). (8.9)
Let {Fn}n∈N be an increasing sequence of finite subsets of DT with ∪n∈NFn = DT , thus lim
n→∞
↑UFn(a, b;X) =
UDT (a, b;X). Fix M ∈ N, we see that
lim
n→∞
↑1{UFn (a,b;X)>M} = 1∪n{UFn (a,b;X)>M} = 1{UDT (a,b;X)>M}. (8.10)
For any n ∈ N, we know from (8.9) that E [(b − a)M1{UFn (a,b;X)>M}] ≤ E [(b − a)UFn(a, b;X)] ≤ |a| + |c|, thus
Fatou’s Lemma (Theorem 2.1) implies that
E
[
(b− a)M1{UDT (a,b;X)=∞}
]
≤ E
[
(b− a)M1{UDT (a,b;X)>M}
]
≤ lim
n→∞
↑ E
[
(b− a)M1{UFn (a,b;X)>M}
]
≤ |a|+ |c|. (8.11)
On the other hand, if E [·] is concave, then we can deduce from (8.8) that
0 ≥ E
[
(b− a)UF
(
a, b;X
)
− (a−XT )
+
]
≥
1
2
E
[
2(b− a)UF
(
a, b;X
)]
+
1
2
E
[
− 2(a−XT )
+
]
.
Mimicking the arguments in (8.10) and (8.11), we obtain that
E
[
(b − a)2M1{UDT (a,b;X)=∞}
]
≤ −E
[
− 2(a−XT )
+
]
.
where −2(a−XT )+ = 1{XT<a}2(XT − a) ∈ Dom(E) thanks to (D2). Also note that (A1) and Proposition 2.4 (5)
imply that E
[
− 2(a−XT )+
]
≤ E [0] = 0.
Using (H0) in both cases above yields that P (UDT (a, b;X) = ∞) = 0, i.e., UDT (a, b;X) < ∞, a.s. Then a
classical argument (see e.g. Karatzas and Shreve [1991, Proposition 1.3.14]) shows that
P
(
both lim
sրt, s∈DT
Xs and lim
sցt, s∈DT
Xs exist for any t ∈ [0, T ]
)
= 1.
This completes the proof. 
Proof of Proposition 2.5: We can deduce from (2.4) that except on a null set N
X+t = limn→∞
Xq+n (t) ≤ esssup
s∈DT
Xs for any t ∈ [0, T ], (8.12)
thus X+ν = limn→∞
Xq+n (ν) ≤ esssup
s∈DT
Xs for any ν ∈ S0,T . (8.13)
Proof of (1): Case I. For any ν ∈ S0,T , if esssup
s∈DT
Xs ∈ Dom+(E), (D3) and (8.13) directly imply that X+ν belongs
to Dom(E).
Case II. Assume that E satisfies (2.5). For any n ∈ N, since X is an E-supermartingale and since q+n (ν) ∈ S
F
0,T ,
Corollary 2.1 and Proposition 2.3 imply that
E
[
Xq+n (ν)
]
= E
[
E
[
Xq+n (ν)
∣∣Fq+n+1(ν)]] ≤ E[Xq+n+1(ν)] ≤ X0.
Hence,
{
E
[
Xq+n (ν)
]}
n∈N
is an increasing non-negative sequence that is bounded from above by X0 ∈ [0,∞). (2.5)
and (8.13) then imply that X+ν belongs to Dom(E), proving statement (1).
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Proof of (2): Now suppose that X+t ∈ Dom
+(E) for any t ∈ [0, T ]. First, we shall show that for t ∈ [0, T ] and
A ∈ Ft
E
[
1AX
+
t
]
= lim
n→∞
E
[
1AXq+n (t)
]
. (8.14)
Since the distribution function x 7→ P{X+t ≤ x} jumps up at most on a countable subset S of [0,∞), we can find
a sequence {Kj}∞j=1 ⊂ [0,∞)\S increasing to ∞. Fix m, j ∈ N, (A1)-(A3) imply that for any n ≥ m
E
[
1A1{X
q
+
n (t)
<Kj}(Xq+n (t) ∧Kj)
]
= E
[
1A1{X
q
+
n (t)
<Kj}Xq+n (t)
]
≥ E
[
1A1{X
q
+
n (t)
<Kj}E
[
Xq+m(t)
∣∣Fq+n (t)]]
= E
[
E
[
1A1{X
q
+
n (t)
<Kj}Xq+m(t)
∣∣Fq+n (t)]] = E[1A1{Xq+n (t)<Kj}Xq+m(t)].
Since Kj /∈ S, P{X
+
t = Kj} = 0, one can easily deduce from (8.12) that lim
n→∞
1{X
q
+
n (t)
<Kj} = 1{X+t <Kj}
, a.s.
(
In
fact, for almost every ω ∈ {X+t < Kj} (resp. {X
+
t > Kj}), there exists an N(ω) ∈ N such that Xq+n (t) < (resp. >
)Kj for any n ≥ N(ω), which means lim
n→∞
1{X
q
+
n (t)
<Kj}(ω) = 1(resp. 0) = 1{X+t <Kj}
(ω)
)
. Applying the Dominated
Convergence Theorem (Theorem 2.2) twice, we obtain
E
[
1A1{X+t <Kj}
X+t
]
= E
[
1A1{X+t <Kj}
(X+t ∧Kj)
]
= lim
n→∞
E
[
1A1{X
q
+
n (t)
<Kj}(Xq+n (t) ∧Kj)
]
≥ lim
n→∞
E
[
1A1{X
q
+
n (t)
<Kj}Xq+m(t)
]
= E
[
1A1{X+t <Kj}
Xq+m(t)
]
.
Since lim
j→∞
↑1{X+t <Kj}
= 1, a.s., the Dominated Convergence Theorem again implies that
E
[
1AX
+
t
]
= lim
j→∞
E
[
1A1{X+t <Kj}
X+t
]
≥ lim
j→∞
E
[
1A1{X+t <Kj}
Xq+m(t)
]
= E
[
1AXq+m(t)
]
,
which leads to that E
[
1AX
+
t
]
≥ lim
m→∞
E
[
1AXq+m(t)
]
. Fatou’s Lemma (Theorem 2.1) gives the reverse inequality,
thus proving (8.14). Since X is an E-supermartingale, using (8.14), (A2) and (A3), we obtain
E
[
1AX
+
t
]
= lim
n→∞
E
[
1AXq+n (t)
]
= lim
n→∞
E
[
E [1AXq+n (t)|Ft]
]
= lim
n→∞
E
[
1AE
[
Xq+n (t)
∣∣Ft]] ≤ E[1AXt]
for any A ∈ Ft, which further implies that X
+
t ≤ Xt, a.s. thanks to Proposition 2.2 (3).
Next, we show that X+ is an E-supermartingale: For any 0 ≤ s < t ≤ T , it is clear that q+n (s) ≤ q
+
n (t) for any
n ∈ N. For any A ∈ Fs, (A3) and Corollary 2.1 imply that for any n ∈ N
E
[
1AXq+n (s)
]
≥ E
[
1AE
[
Xq+n (t)
∣∣Fq+n (s)]] = E[E[1AXq+n (t)∣∣Fq+n (s)]] = E[1AXq+n (t)].
As n→∞, (8.14), (A2) and (A3) imply that
E
[
1AX
+
s
]
= lim
n→∞
E
[
1AXq+n (s)
]
≥ lim
n→∞
E
[
1AXq+n (t)
]
= E
[
1AX
+
t
]
= E
[
E [1AX
+
t |Fs]
]
= E
[
1AE [X
+
t |Fs]
]
.
Then Proposition 2.2 (3) implies that X+s ≥ E [X
+
t |Fs], a.s., thus {X
+
t }t∈[0,T ] is an RCLL E-supermartingale.
Proof of (3): If t 7→ E [Xt] is right continuous, for any t ∈ [0, T ], (8.14) implies that
E [X+t ] = limn→∞
E
[
Xq+n (t)
]
= E [Xt].
Then the second part of (A1) imply that X+t = Xt, a.s., which means that X
+ is an RCLL modification of X . On
the other hand, if X˜ is a right-continuous modification of X , we see from (2.4) that except on a null set N˜
X+t = limn→∞
Xq+n (t), X˜t = limn→∞
X˜q+n (t), X˜t = Xt, and X˜q+n (t) = Xq+n (t) for any n ∈ N.
Putting them together, it holds on N˜ c that
X+t = limn→∞
Xq+n (t) = limn→∞
X˜q+n (t) = X˜t = Xt. (8.15)
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Since X is an E-supermartingale, (A2) implies that for any 0 ≤ t1 < t2 ≤ T , E [Xt1 ] ≥ E
[
E [Xt2 |Ft1 ]
]
= E [Xt2 ],
which shows that the function t 7→ E [Xt] is decreasing. Then (8.14) and (8.15) imply that for any t ∈ [0, T ]
E [Xt] ≥ lim
s ↓ t
E [Xs] = lim
n→∞
E
[
Xq+n (t)
]
= E [X+t ] = E [Xt],
thus lim
s ↓ t
E [Xs] = E [Xt], i.e., the function t 7→ E [Xt] is right continuous. 
Proof of Corollary 2.2 : Since essinf
t∈[0,T ]
Xt ≥ c, a.s., we can deduce from (A4) that Xc
△
= {Xt − c}t∈[0,T ] is a
non-negative E-supermartingale. If esssup
t∈DT
Xt ∈ Dom#(E)
(
(D2) implies that esssup
t∈DT
Xt ∈ Dom#(E) is equivalent
to esssup
t∈DT
Xct ∈ Dom
+(E)
)
or if (2.5) holds, Proposition 2.5 (1) shows that for any ν ∈ S0,T , (Xc)+ν belongs to
Dom+(E). Because
(Xc)+t = X
+
t − c, ∀ t ∈ [0, T ], (8.16)
(D2) and the non-negativity of (Xc)+ imply that
X+ν = (X
c)+ν + c ∈ Dom
#(E).
On the other hand, if X+t ∈ Dom
#(E) for any t ∈ [0, T ], (D2) implies that the non-negative random variable
(Xc)+t = X
+
t − c belongs to Dom
+(E). Hence, Proposition 2.5 (2) show that (Xc)+ is an RCLL E-supermartingale
such that for any t ∈ [0, T ], (Xc)+t ≤ X
c
t , a.s. Then (8.16), (2.8) and (A4) imply that X
+ is an RCLL E˜-
supermartingale such that for any t ∈ [0, T ], X+t ≤ Xt, a.s. Moreover, if t 7→ E˜ [Xt] is a right-continuous function
(which is equivalent to the right continuity of t 7→ E [Xct ]), then we know from Proposition 2.5 (2) that for any
t ∈ [0, T ], (Xc)+t = X
c
t , a.s., or equivalently, X
+
t = Xt, a.s. Conversely, if X has a right-continuous modification,
so does Xc, then Proposition 2.5 (2) once again shows that t 7→ E [Xct ] is right continuous, which is equivalent to
the right continuity of t 7→ E˜ [Xt]. This completes the proof. 
Proof of Theorem 2.4: We shall only consider the E˜-supermartingale case, as the other cases can be deduced
easily by similar arguments. Fix t ∈ [0, T ], we let {νtn}n∈N be a decreasing sequence in S
F
t,T such that limn→∞
νtn = ν∨t.
Since essinf
t∈DT
Xt ≥ c, a.s., it holds a.s. that Xt ≥ c for each t ∈ DT . The right-continuity of the process X then
implies that except on a null set N , Xt ≥ c for any t ∈ [0, T ]. Thus we see from (A4) that Xc
△
= {Xt − c}t∈[0,T ] is
a non-negative E-supermartingale. For any n ∈ N and A ∈ Ft ⊂ Fν∨t, (A2), (A3) and Proposition 2.3 imply that
E [1AX
c
νtn
] = E
[
E [1AX
c
νtn
|Ft]
]
= E
[
1AE [X
c
νtn
|Ft]
]
≤ E [1AX
c
t ]. (8.17)
We also have that E
[
1AX
c
ν∨t
]
= lim
n→∞
E
[
1AX
c
νtn
]
. The proof is similar to that of (8.14).
(
We only need to replace
X+t by X
c
ν∨t and Xq+n (t) by X
c
νtn
in the proof of (8.14)
)
. As n→∞ in (8.17), (A2) and (A3) imply that
E [1AX
c
t ] ≥ limn→∞
E
[
1AX
c
νtn
]
= E [1AX
c
ν∨t] = E
[
E [1AX
c
ν∨t|Ft]
]
= E
[
1AE [X
c
ν∨t|Ft]
]
.
Applying Proposition 2.2 (3), we obtain that E [Xcν∨t|Ft] ≤ X
c
t , a.s. Then (A4) and (2.8) imply that
E˜ [Xν∨t|Ft] = E [Xν∨t|Ft] = E [X
c
ν∨t + c|Ft] = E [X
c
ν∨t|Ft] + c ≤ X
c
t + c = Xt, a.s.
Since {ν ≤ t} ∈ Ft, we can deduce from (A3) and (A4) that
E˜ [Xν |Ft] = E˜
[
1{ν>t}Xν∨t + 1{ν≤t}Xν∧t
∣∣Ft] = 1{ν>t}E˜[Xν∨t∣∣Ft]+ 1{ν≤t}Xν∧t
≤ 1{ν>t}Xt + 1{ν≤t}Xν∧t = Xν∧t a.s.
Hence, we can find a null set N˜ such that except on N˜ c
E˜ [Xν |Ft] ≤ Xν∧t, for any t ∈ DT and the paths of E˜ [Xν |F·] and Xν∧· are all RCLL.
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As a result, on N˜ c
E˜ [Xν |Ft] ≤ Xν∧t, ∀ t ∈ [0, T ], thus E˜ [Xν |Fσ] ≤ Xν∧σ, ∀σ ∈ S0,T . 
Proof of Proposition 2.7: 1) If ξ ≤ η, a.s., by (A1), it holds except on a null set N that
E˜ [ξ|Ft] ≤ E˜ [η|Ft], for any t ∈ DT and that the paths of E˜ [ξ|F·] and E˜ [η|F·] are all RCLL,
which implies that on N c
E˜ [ξ|Ft] ≤ E˜ [η|Ft], ∀ t ∈ [0, T ], thus E˜ [ξ|Fν ] ≤ E˜ [η|Fν ].
Moreover, if E˜ [ξ|Fσ] = E˜ [η|Fσ], a.s. for some σ ∈ S0,T , we can apply (2.8) and Corollary 2.3 to get
E [ξ] = E˜ [ξ] = E˜
[
E˜ [ξ|Fσ]
]
= E˜
[
E˜ [η|Fσ]
]
= E˜ [η] = E [η].
Then (A4) implies that E [ξ − c(ξ)] = E [ξ] − c(ξ) = E [η]− c(ξ) = E [η − c(ξ)]. Clearly, 0 ≤ ξ − c(ξ) ≤ η − c(ξ), a.s.
The second part of (A1) then implies that ξ − c(ξ) = η − c(ξ), a.s., i.e. ξ = η, a.s., proving (1).
2) For any A ∈ Fν and η ∈ Dom#ν (E), we let {νn}n∈N be a decreasing sequence in S
F
0,T such that limn→∞
↓ νn = ν,
a.s. For any n ∈ N, since A ∈ Fνn and η ∈ Dom
#
νn(E), Proposition 2.4 (2) and (3) imply that
E˜ [1Aξ|Fνn ] = 1AE˜ [ξ|Fνn ], and E˜ [ξ + η|Fνn ] = E˜ [ξ|Fνn ] + η, a.s. (8.18)
Then we can find a null set N ′ such that except on N ′
(8.18) holds for any n ∈ N and the paths of E˜ [1Aξ|F·], E˜ [ξ|F·] and E˜ [ξ + η|F·] are all RCLL.
As n→∞, it holds on (N ′)c that
E˜ [1Aξ|Fν ] = lim
n→∞
E˜ [1Aξ|Fνn ] = lim
n→∞
1AE˜ [ξ|Fνn ] = 1AE˜ [ξ|Fν ],
and that E˜ [ξ + η|Fν ] = lim
n→∞
E˜ [ξ + η|Fνn ] = lim
n→∞
E˜ [ξ|Fνn ] + η = E˜ [ξ|Fν ] + η,
proving (2) and (3). Proofs of (4) and (5) are similar to those of Proposition 2.2 (1) and (2). The proofs can be
carried out by applying the just obtained “Zero-one Law” and “Translation Invariance”. 
8.2 Proofs of Section 3
Proof of Lemma 3.1: (1) Let E be a positively-convex F-expectation. For any A ∈ FT and n ∈ N, (D1) and
(D2) imply that 1A, n1A ∈ Dom(E). Then the positive-convexity of E and Proposition 2.2 (2) show that
E [1A] = E
[ 1
n
(
n1A
)]
≤
1
n
E [n1A] +
(
1−
1
n
)
E [0] =
1
n
E [n1A] +
(
1−
1
n
)
· 0 =
1
n
E [n1A]. (8.19)
Since P (A) > 0, one can deduce from the second part of (A1) that E [1A] > 0. Letting n→∞ in (8.19) yields that
lim
n→∞
E [n1A] ≥ lim
n→∞
nE [1A] =∞,
thus E satisfies (H0). Moreover, for any ξ, η ∈ Dom#(E), λ ∈ (0, 1) and t ∈ [0, T ], we can deduce from (2.8), (A4)
and the positive-convexity of E that
E˜ [λξ + (1− λ)η|Ft] = E [λξ + (1− λ)η|Ft] = E [λ
(
ξ − c(ξ)
)
+ (1 − λ)
(
η − c(η)
)
|Ft] + λc(ξ) + (1− λ)c(η)
≤ λE [ξ − c(ξ)|Ft] + λc(ξ) + (1− λ)E [η − c(η)|Ft] + (1− λ)c(η)
= λE [ξ|Ft] + (1− λ)E [η|Ft] = λE˜ [ξ|Ft] + (1− λ)E˜ [η|Ft], a.s.,
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which shows that E˜ is convex in the sense of (3.1). On the other hand, if E˜ satisfies (3.1), since Dom+(E) ⊂
Dom#(E), one can easily deduce from (2.8) that E is positively-convex. 
Proof of Proposition 3.1: We first check that Eνi,j satisfies (A1)-(A4). For this purpose, let ξ, η ∈ Λ
# and
t ∈ [0, T ].
1) If ξ ≤ η, a.s., applying Proposition 2.7 (1) to E˜j yields that E˜j [ξ|Fν∨t] ≤ E˜j [η|Fν∨t], a.s. Then (A1) of E˜i and
(3.3) imply that
Eνi,j
[
ξ
∣∣Ft] = E˜i[E˜j [ξ|Fν∨t]∣∣Ft] ≤ E˜i[E˜j [η|Fν∨t]∣∣Ft] = Eνi,j[η∣∣Ft], a.s.
Moreover, if 0 ≤ ξ ≤ η a.s. and Eνi,j [ξ] = E
ν
i,j [η]
(
i.e. E˜i
[
E˜j [ξ|Fν ]
]
= E˜i
[
E˜j [η|Fν ]
]
by (3.3)
)
, the second part of (A1)
implies that E˜j [ξ|Fν ] = E˜j [η|Fν ], a.s. Further applying the second part of Proposition 2.7 (1), we obtain ξ = η,
a.s., proving (A1) for Eνi,j .
2) Next, we let 0 ≤ s ≤ t ≤ T and set Ξt
△
= Eνi,j
[
ξ
∣∣Ft]. Applying Proposition 2.7 (2) to E˜i and E˜j , we obtain
Eνi,j
[
Ξt
∣∣Fs]=1{ν≤s}E˜j[Ξt∣∣Fs]+1{ν>s}E˜i[E˜j[Ξt∣∣Fν]∣∣Fs]= E˜j[1{ν≤s}Ξt∣∣Fs]+E˜i[E˜j[1{ν>s}Ξt∣∣Fν]∣∣Fs], a.s.,
where we used the fact that {ν > s} ∈ Fν∧s thanks to Karatzas and Shreve [1991, Lemma 1.2.16]. Then (A3) and
(A2) imply that
E˜j
[
1{ν≤s}Ξt
∣∣Fs] = E˜j[1{ν≤s}E˜j[ξ∣∣Ft]∣∣Fs] = 1{ν≤s}E˜j[E˜j[ξ∣∣Ft]∣∣Fs] = 1{ν≤s}E˜j[ξ∣∣Fs], a.s. (8.20)
On the other hand, we can deduce from (3.2) that
1{ν>s}Ξt = 1{s<ν≤t}E˜j
[
ξ
∣∣Ft]+ 1{ν>t}E˜i[E˜j [ξ|Fν ]∣∣Ft] = 1{s<ν≤t}E˜j[ξ∣∣Ft]+ 1{ν>t}E˜i[E˜j [ξ|Fν ]∣∣Fν∧t], a.s.
Since both {s < ν ≤ t} = {ν > s} ∩ {ν > t}c and {ν > t} belong to Fν∧t, Proposition 2.7 (3) and (2) as well as
Corollary 2.3 imply that
E˜j
[
1{ν>s}Ξt
∣∣Fν] = E˜j[1{s<ν≤t}E˜j [ξ|Ft]∣∣Fν]+ 1{ν>t}E˜i[E˜j [ξ|Fν ]∣∣Fν∧t]
= 1{s<ν≤t}E˜j
[
E˜j [ξ|Ft]
∣∣Fν]+ 1{ν>t}E˜i[E˜j[ξ|Fν ]∣∣Ft] = 1{s<ν≤t}E˜j [ξ|Fν∧t] + E˜i[1{ν>t}E˜j [ξ|Fν ]∣∣Ft]
= E˜i
[
1{s<ν≤t}E˜j [ξ|Fν∧t] + 1{ν>t}E˜j [ξ|Fν ]
∣∣Ft] = E˜i[1{s<ν}E˜j [ξ|Fν ]∣∣Ft], a.s.
Taking E˜i
[
·
∣∣Fs] of both sides as well as using (A2) and (A3) of E˜i, we obtain
E˜i
[
E˜j [1{ν>s}Ξt|Fν ]
∣∣Fs]= E˜i[E˜i[1{s<ν}E˜j [ξ|Fν ]∣∣Ft]∣∣∣Fs]= E˜i[1{s<ν}E˜j [ξ|Fν ]∣∣Fs]=1{ν>s}E˜i[E˜j [ξ|Fν ]∣∣Fs], a.s.,
which together with (8.20) yields that
Eνi,j
[
Eνi,j [ξ|Ft]
∣∣Fs] = 1{ν≤s}E˜j[ξ∣∣Fs]+ 1{ν>s}E˜i[E˜j [ξ|Fν ]∣∣Fs] = Eνi,j[ξ∣∣Fs], a.s., proving (A2) for Eνi,j .
3) For any A ∈ Ft, using (3.3), (A3) of E˜i as well as applying Proposition 2.7 (2) to E˜j , we obtain
Eνi,j
[
1Aξ
∣∣Ft] = E˜i[1AE˜j [ξ|Fν∨t]∣∣Ft] = 1AE˜i[E˜j [ξ|Fν∨t]∣∣Ft] = 1AEνi,j[ξ∣∣Ft], a.s., proving (A3) for Eνi,j .
Similarly, we can show that (A4) holds for Eνi,j as well. Therefore, E
ν
i,j is an F-expectation with domain Λ
#. Since
Λ ∈ D˜T , i.e. R ⊂ Λ, it follows easily that R ⊂ Λ#, which shows that Λ# ∈ D˜T .
4) Now we show that Eνi,j satisfies (H1) and (H2): For any ξ ∈ Λ
+ and any {An}n∈N ⊂ FT with lim
n→∞
↑1An =
1, a.s., the Dominated Convergence Theorem (Proposition 2.9) implies that lim
n→∞
↑ E˜j [1Anξ|Fν ] = E˜j [ξ|Fν ], a.s.
Furthermore, using (3.3) and applying the Dominated Convergence Theorem to E˜i yield that
lim
n→∞
↑ Eνi,j
[
1Anξ
]
= lim
n→∞
↑ E˜i
[
E˜j
[
1Anξ
∣∣Fν]] = E˜i[E˜j[ξ|Fν ]] = Eνi,j[ξ], proving (H1) for Eνi,j .
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With a similar argument, we can show that Eνi,j also satisfies (H2).
5) If both Ei and Ej are positively-convex, so are E˜i and E˜j thanks to (2.8). To see that Eνi,j is convex in the sense
of (3.1), we fix ξ, η ∈ Λ#, λ ∈ (0, 1) and t ∈ [0, T ]. For any s ∈ [0, T ], we have
E˜j [λξ + (1− λ)η|Fs] ≤ λE˜j [ξ|Fs] + (1− λ)E˜j [η|Fs], a.s.
Since E˜j [λξ + (1− λ)η|F·], E˜j [ξ|F·] and E˜j [η|F·] are all RCLL processes, it holds except on a null set N that
E˜j [λξ + (1− λ)η|Fs] ≤ λE˜j [ξ|Fs] + (1 − λ)E˜j [η|Fs], ∀ s ∈ [0, T ],
thus E˜j[λξ + (1− λ)η|Fν∨t] ≤ λE˜j [ξ|Fν∨t] + (1− λ)E˜j [η|Fν∨t].
Then (3.3) implies that
Eνi,j [λξ + (1− λ)η|Ft] = E˜i
[
E˜j [λξ + (1− λ)η|Fν∨t]
∣∣Ft] ≤ E˜i[λE˜j [ξ|Fν∨t] + (1 − λ)E˜j [η|Fν∨t]∣∣Ft],
≤ λE˜i
[
E˜j[ξ|Fν∨t]
∣∣Ft]+ (1− λ)E˜i[E˜j [η|Fν∨t]∣∣Ft] = λEνi,j [ξ|Ft] + (1− λ)Eνi,j [η|Ft], a.s. 
8.3 Proofs of Section 4
Proof of Lemma 4.1: For any i ∈ I, it is clear that Hi0 = 0 and that (4.2) directly follows from (h1). For any
s, t ∈ DT with s < t, we can deduce from (h2) that
His,t =
∫ t
s
hirdr ≥ c
∫ t
s
ds ≥ cT, a.s., (8.21)
which implies that essinf
s,t∈DT ;s<t
His,t ≥ cT , a.s. Thus (S2) holds with CH = cT .
If no member of E satisfies (2.5), then
∫ T
0 |h
j
t | dt ∈ Dom(E ) for some j ∈ I is assumed. For any s, t ∈ DT with
s < t, we can deduce from (8.21) and (h2) that
CH ≤ H
j
s,t ≤
∫ t
s
|hjr|dr ≤
∫ T
0
|hjr|dr, a.s.,
which implies that CH ≤ esssup
s,t∈DT ;s<t
Hjs,t ≤
∫ T
0
|hjr|dr a.s. Then Lemma 3.2 shows that esssup
s,t∈DT ;s<t
Hjs,t ∈ Dom(E ),
i.e. (4.3). Moreover, we can derive (S3) directly from (h3). 
Proof of Lemma 4.2: For any i, j ∈ I ′ and ρ1, ρ2 ∈ U , we consider the event
A
△
=
{
E˜i
[
X(ρ1) +H
i
ν,ρ1
∣∣Fν] ≤ E˜j[X(ρ2) +Hjν,ρ2 ∣∣Fν]} ∈ Fν ,
and define stopping times ρ
△
= ρ21A + ρ11Ac ∈ U and ν(A)
△
= ν1A + T1Ac ∈ Sν,T . Since E ′ = {Ei}i∈I′ is a
stable subclass of E , Definition 3.2 assures the existence of k = k
(
i, j, ν(A)
)
∈ I ′ such that E˜k = E
ν(A)
i,j . Applying
Proposition 2.7 (5) to E˜j and Proposition 2.7 (3) & (2) to E˜i, we can deduce from (3.3) that for any ξ ∈ Dom(E )
E˜k[ξ|Fν ] = E
ν(A)
i,j [ξ|Fν ] = E˜i
[
E˜j [ξ|Fν(A)∨ν ]
∣∣Fν] = E˜i[1AE˜j [ξ|Fν ] + 1Ac E˜j [ξ|FT ]∣∣Fν]
= E˜i
[
1AE˜j [ξ|Fν ] + 1Acξ
∣∣Fν] = 1AE˜j [ξ|Fν ] + 1Ac E˜i[ξ|Fν ], a.s. (8.22)
Moreover, (4.5) implies that
Hkν,ρ=H
i
ν(A)∧ν,ν(A)∧ρ+H
j
ν(A)∨ν,ν(A)∨ρ=1AcH
i
ν,ρ1+1AH
j
ν,ρ2 , a.s.
Then applying Proposition 2.7 (2) to E˜i and E˜j , we see from (8.22) that
E˜k
[
X(ρ) +Hkν,ρ
∣∣Fν] = 1AE˜j[X(ρ) +Hkν,ρ∣∣Fν]+ 1Ac E˜i[X(ρ) +Hkν,ρ∣∣Fν]
= E˜j
[
1AX(ρ2) + 1AH
j
ν,ρ2
∣∣Fν]+ E˜i[1AcX(ρ1) + 1AcHiν,ρ1 ∣∣Fν]
= 1AE˜j
[
X(ρ2) +H
j
ν,ρ2
∣∣Fν]+ 1Ac E˜i[X(ρ1) +Hiν,ρ1 ∣∣Fν]
= E˜i
[
X(ρ1) +H
i
ν,ρ1
∣∣Fν] ∨ E˜j[X(ρ2) +Hjν,ρ2 ∣∣Fν], a.s.
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Similarly, taking ρ′
△
= ρ11A + ρ21Ac and k
′ = k
(
i, j, ν(Ac)
)
, we obtain
E˜k′
[
X(ρ′) +Hk
′
ν,ρ′
∣∣Fν] = E˜i[X(ρ1) +Hiν,ρ∣∣Fν] ∧ E˜j[X(ρ2) +Hjν,ρ∣∣Fν], a.s.
Hence, the family
{
E˜i
[
X(ρ)+Hiν,ρ
∣∣Fν]}
(i,ρ)∈I′×U
is closed under pairwise maximization and pairwise minimization.
Thanks to Neveu [1975, Proposition VI-1-1], we can find two sequences {(in, ρn)}n∈N and {(i
′
n, ρ
′
n)}n∈N in I
′ × U
such that (4.9) and (4.10) hold. 
Proof of Lemma 4.3: We fix ν ∈ S0,T . For any (i, ρ) ∈ I × Sν,T , (4.7), (4.4) and Proposition 2.7 (5) show that
E˜i
[
Yρ +H
i
ν,ρ
∣∣Fν] ≥ E˜i[C∗|Fν ] = C∗ , a.s. Taking the essential supremum over (i, ρ) ∈ I × Sν,T gives
Z(ν) = esssup
(i,ρ)∈I×Sν,T
E˜i
[
Yρ +H
i
ν,ρ
∣∣Fν] ≥ C∗, a.s.
Then for any i ∈ I, (4.4) implies that Zi(ν) = Z(ν) +Hiν ≥ C∗ + CH = CY + 2CH , a.s.
If no member of E satisfies (2.5) (thus (4.6) is assumed), then for any (i, ρ) ∈ I × Sν,T , it holds a.s. that
E˜i
[
Y iρ
∣∣Ft] ≤ ζY , ∀ t ∈ DT .
Since E˜i
[
Y iρ
∣∣F·] is an RCLL process, it holds except on a null set N = N(i, ρ) that
E˜i
[
Y iρ
∣∣Ft] ≤ ζY , ∀ t ∈ [0, T ], thus E˜i[Y iρ ∣∣Fν] ≤ ζY .
Moreover, Proposition 2.7 (3) and (4.4) imply that
ζY ≥ E˜i
[
Y iρ
∣∣Fν] = E˜i[Yρ +Hiν,ρ∣∣Fν]+Hiν ≥ E˜i[Yρ +Hiν,ρ∣∣Fν]+ CH , a.s.
Taking essential supremum over (i, ρ) ∈ I × Sν,T yields that
Z(ν) = esssup
(i,ρ)∈I×Sν,T
E˜i
[
Yρ +H
i
ν,ρ
∣∣Fν] ≤ ζY − CH , a.s.
where ζY − CH ∈ Dom(E ) thanks to (4.6) and (D2). Hence, for any i ∈ I, we have Zi(ν) = Z(ν) + Hiν ≤
ζY − CH +H
i
ν , a.s. And (4.2) together with (D2) imply that ζY − CH +H
i
ν ∈ Dom(E ). 
Proof of Lemma 4.4: If no member of E satisfies (2.5), then we see from Lemma 4.3 that
C∗ ≤ Z(ν) ≤ ζY − CH , a.s.,
and that ζY − CH ∈ Dom(E ). Hence Z(ν) ∈ Dom(E ) thanks to Lemma 3.2.
On the other hand, if Ej satisfies (2.5) for some j ∈ I, letting (X, I ′,U) = (Y, I,Sν,T ) in Lemma 4.2, we can
find a sequence {(in, ρn)}n∈N in I × Sν,T such that
Z(ν) = esssup
(i,ρ)∈I×Sν,T
E˜i
[
Yρ +H
i
ν,ρ
∣∣Fν] = lim
n→∞
↑ E˜in
[
Yρn +H
in
ν,ρn
∣∣Fν], a.s.
For any n ∈ N, it follows from Definition 3.2 that there exists kn = k(j, in, ν) ∈ I such that E˜kn = E
ν
j,in . Applying
Proposition 2.7 (3) to E˜kn , we can deduce from (4.4), (3.3) and (4.5) that
E˜kn
[
Y knρn
]
− CH = E˜kn
[
Yρn +H
kn
ρn − CH
]
= E˜kn
[
Yρn +H
kn
ν,ρn +H
kn
ν − CH
]
≥ E˜kn
[
Yρn +H
kn
ν,ρn
]
= Eνj,in
[
Yρn +H
kn
ν,ρn
]
= E˜j
[
E˜in
[
Yρn +H
kn
ν,ρn
∣∣Fν]] = E˜j[E˜in[Yρn +Hinν,ρn ∣∣Fν]],
which together with (Y2) shows that
lim
n→∞
Ej
[
E˜in
[
Yρn +H
in
ν,ρn
∣∣Fν]] ≤ sup
(i,ρ)∈I×S0,T
E˜i
[
Y iρ
]
− CH <∞.
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For any n ∈ N, (4.7), (4.4) and Proposition 2.7 (5) imply that
E˜in
[
Yρn +H
in
ν,ρn
∣∣Fν] ≥ E˜in [C∗|Fν ] = C∗, a.s.
Therefore, we can deduce from Remark 4.2 (1) that
Z(ν) = lim
n→∞
↑ E˜in
[
Yρn +H
in
ν,ρn
∣∣Fν] ∈ Dom(E ).
For any i ∈ I, (4.2) and (D2) imply that Zi(ν) = Z(ν) +Hiν ∈ Dom(E ). 
Proof of Proposition 4.1: To see (4.14), we first note that the event A
△
= {ν = σ} belong to Fν∧σ thanks to
Karatzas and Shreve [1991, Lemma 1.2.16]. For any i ∈ I and ρ ∈ Sν,T , we define ρ(A)
△
= ρ1A + T1Ac , which
clearly belongs to Sσ,T . Proposition 2.7 (2) and (3) then imply that
1AE˜i
[
Yρ +H
i
ν,ρ
∣∣Fν] = 1A(E˜i[Yρ +Hiρ∣∣Fν]−Hiν) = 1A(E˜i[Yρ +Hiρ∣∣Fσ]−Hiσ) = 1AE˜i[Yρ +Hiσ,ρ∣∣Fσ]
= E˜i
[
1A
(
Yρ(A) +H
i
σ,ρ(A)
)∣∣Fσ] = 1AE˜i[Yρ(A) +Hiσ,ρ(A)∣∣Fσ]
≤ 1A esssup
(i,γ)∈I×Sσ,T
E˜i
[
Yγ +H
i
σ,γ
∣∣Fσ] = 1AZ(σ), a.s.
Taking the essential supremum of the left-hand-side over (i, ρ) ∈ I × Sν,T and applying Lemma 3.3 (2), we obtain
1AZ(ν) = 1A esssup
(i,ρ)∈I×Sν,T
E˜i
[
Yρ +H
i
ν,ρ
∣∣Fν] = esssup
(i,ρ)∈I×Sν,T
(
1AE˜i
[
Yρ +H
i
ν,ρ
∣∣Fν]) ≤ 1AZ(σ), a.s.
Reversing the roles of ν and σ, we obtain (4.14).
As to (4.15), since Sγ,T ⊂ Sν,T , it is clear that
esssup
(i,ρ)∈I×Sγ,T
E˜i
[
Yρ +H
i
ν,ρ
∣∣Fν] ≤ esssup
(i,ρ)∈I×Sν,T
E˜i
[
Yρ +H
i
ν,ρ
∣∣Fν] = Z(ν), a.s.
Letting (X, ν, I ′,U) = (Y, γ, I,Sγ,T ) in Lemma 4.2, we can find a sequence
{
(in, ρn)
}
n∈N
in I × Sγ,T such that
Z(γ) = esssup
(i,ρ)∈I×Sγ,T
E˜i
[
Yρ +H
i
γ,ρ
∣∣Fγ] = lim
n→∞
↑ E˜in
[
Yρn +H
in
γ,ρn
∣∣Fγ], a.s.
Now fix j ∈ I. For any n ∈ N, it follows from Definition 3.2 that there exists a kn = k(j, in, γ) ∈ I such that
E˜kn = E
γ
j,in
. Applying Proposition 2.7 (3) to E˜in , we can deduce from (3.3), (4.5) that
esssup
(i,ρ)∈I×Sγ,T
E˜i
[
Yρ +H
i
ν,ρ
∣∣Fν] ≥ E˜kn[Yρn +Hknν,ρn ∣∣Fν] = Eγj,in[Yρn +Hknν,ρn ∣∣Fν] = E˜j[E˜in[Yρn +Hknν,ρn ∣∣Fγ]∣∣Fν]
= E˜j
[
E˜in
[
Yρn +H
kn
γ,ρn
∣∣Fγ]+Hknν,γ∣∣Fν] = E˜j[E˜in[Yρn +Hinγ,ρn ∣∣Fγ]+Hjν,γ∣∣Fν], a.s. (8.23)
For any n ∈ N, Proposition 2.7 (5), (4.7) and (4.4) show that
CY + 2CH = E˜in
[
C∗
∣∣Fγ] + CH ≤ E˜in[Yρn +Hinγ,ρn ∣∣Fγ]+Hjν,γ ≤ Z(γ) +Hjν,γ , a.s.,
where Z(γ) +Hjν,γ ∈ Dom(E ) thanks to Lemma 4.4, (4.2) and (D2). Then the Dominated Convergence Theorem
(Proposition 2.9) and (8.23) imply that
E˜j
[
Z(γ) +Hjν,γ
∣∣Fν] = lim
n→∞
E˜j
[
E˜in
[
Yρn+H
in
γ,ρn
∣∣Fγ]+Hjν,γ∣∣Fν] ≤ esssup
(i,ρ)∈I×Sγ,T
E˜i
[
Yρ+H
i
ν,ρ
∣∣Fν], a.s.
Taking the essential supremum of the left-hand-side over j ∈ I, we obtain
esssup
j∈I
E˜j
[
Z(γ) +Hjν,γ
∣∣Fν] ≤ esssup
(i,ρ)∈I×Sγ,T
E˜i
[
Yρ +H
i
ν,ρ
∣∣Fν], a.s. (8.24)
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On the other hand, for any i ∈ I and ρ ∈ Sγ,T , applying Corollary 2.3 and Proposition 2.7 (3), we obtain
E˜i
[
Yρ +H
i
ν,ρ
∣∣Fν] = E˜i[E˜i[Yρ +Hiν,ρ∣∣Fγ]∣∣Fν] = E˜i[E˜i[Yρ +Hiγ,ρ∣∣Fγ]+Hiν,γ∣∣Fν]
≤ E˜i
[
Z(γ) +Hiν,γ
∣∣Fν] ≤ esssup
i∈I
E˜i
[
Z(γ) +Hiν,γ
∣∣Fν], a.s.
Taking the essential supremum of the left-hand-side over (i, ρ) ∈ I × Sγ,T yields that
esssup
(i,ρ)∈I×Sγ,T
E˜i
[
Yρ +H
i
ν,ρ
∣∣Fν] ≤ esssup
i∈I
E˜i
[
Z(γ) +Hiν,γ
∣∣Fν], a.s.,
which together with (8.24) proves (4.15). 
Proof of Proposition 4.2: For any i ∈ I and ν, γ ∈ S0,T with ν ≤ γ, a.s., Proposition 2.7 (3), (4.15) imply that
E˜i
[
Zi(ρ)
∣∣Fν] = E˜i[Z(ρ) +Hiν,ρ∣∣Fν]+Hiν ≤ esssup
i∈I
E˜i
[
Z(ρ) +Hiν,ρ
∣∣Fν]+Hiν ≤ Z(ν) +Hiν = Zi(ν), a.s.,
which implies that
{
Zi(t)
}
t∈[0,T ]
is an E˜i-supermartingale. Proposition 2.6, Theorem 2.3 and (4.12) then show that{
Zi,+t
△
= lim
n→∞
Zi
(
q+n (t)
)}
t∈[0,T ]
defines an RCLL process. Moreover, (4.12) implies that
essinf
t∈[0,T ]
Zi(t) ≥ CY + 2CH , a.s. (8.25)
If Ej satisfies (2.5) for some j ∈ I, Corollary 2.2 and (8.25) imply that
Zj,+ν ∈ Dom
#(Ej) = Dom(E ), ∀ ν ∈ S0,T , (8.26)
and that Zj,+ is an RCLL E˜j-supermartingale such that for any t ∈ [0, T ], Z
j,+
t ≤ Z
j(t), a.s. (8.27)
Otherwise, if no member of E satisfies (2.5), we suppose that (4.3) holds for some j ∈ I. Then Lemma 4.3 and
(4.3) imply that for any t ∈ DT ,
CY + 2CH ≤ Z
j(t) = Z(t) +Hjt ≤ ζY − CH + ζ
j , a.s.
Taking essential supremum of Zj(t) over t ∈ DT yields that
CY + 2CH ≤ esssup
t∈DT
Zj(t) ≤ ζY − CH + ζ
j , a.s.,
where ζY − CH + ζj ∈ Dom(E ) thanks to (4.6), (4.3) and (D2). Hence Lemma 3.2 implies that esssup
t∈DT
Zj(t) ∈
Dom(E ) = Dom#(Ej). Applying Corollary 2.2 and (8.25) again yields (8.26) and (8.27).
To see that Zj,+ is a modification of
{
Zj(t)
}
t∈[0,T ]
, it suffices to show that for any t ∈ [0, T ], Zj,+t ≥ Z
j(t),
a.s. Fix t ∈ [0, T ]. For any (i, ν) ∈ I × St,T , Definition 3.2 assures that there exists a k = k(j, i, t) ∈ I such that
E˜k = Etj,i. (S1) and (4.5) imply that
Hkt = H
k
0,t = H
j
0,t = H
j
t , and H
k
t,ν = H
i
t,ν , a.s. (8.28)
For any n ∈ N, we set tn
△
= q+n (t) and define νn
△
= (ν + 2−n) ∧ T ∈ St,T . Let m ≥ n, it is clear that tm ≤ tn ≤ νn,
a.s. Then Proposition 2.7 (3) implies that
E˜k
[
Y kνn
∣∣Ftm] = E˜k[Yνn +Hktm,νn ∣∣Ftm]+Hktm ≤ Z(tm) +Hktm = Zj(tm) +Hktm −Hjtm , a.s.
As m→∞, (8.28) as well as the right-continuity of the processes E˜k
[
Y kνn
∣∣F·], Hk and Hj imply that
E˜k
[
Y kνn
∣∣Ft] = lim
m→∞
E˜k
[
Y kνn
∣∣Ftm] ≤ lim
m→∞
Zj(tm) +H
k
t −H
j
t = lim
m→∞
Zj(tm) = Z
j,+
t , a.s.
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Since lim
n→∞
↓ νn = ν, a.s., the right continuity of the process Y k implies that Y kνn converges a.s. to Y
k
ν , which belongs
to Dom(E ) due to assumption (Y1) and (4.2). Then (4.8) and Fatou’s Lemma (Theorem 2.1) imply that
E˜k
[
Y kν
∣∣Ft] ≤ lim
n→∞
E˜k
[
Y kνn
∣∣Ft] ≤ Zj,+t , a.s.
Applying Proposition 2.7 (5) and (3) to E˜j and E˜i respectively, we can deduce from (3.3) and (8.28) that
Zj,+t ≥ E˜k
[
Y kν
∣∣Ft] = Etj,i[Y kν ∣∣Ft] = E˜j[E˜i[Y kν ∣∣Ft]∣∣Ft] = E˜i[Y kν ∣∣Ft] = E˜i[Yν +Hit,ν∣∣Ft]+Hjt , a.s. (8.29)
Letting (i, ν) run throughout I × St,T yields that
Zj,+t ≥ esssup
(i,ν)∈I×St,T
E˜i
[
Yν +H
i
t,ν
∣∣Ft]+Hjt = Z(t) +Hjt = Zj(t), a.s.,
which implies that Zj,+ is an RCLL modification of
{
Zj(t)
}
t∈[0,T ]
. Correspondingly, Z0
△
=
{
Zj,+t −H
j
t
}
t∈[0,T ]
is an
RCLL modification of {Z(t)}t∈[0,T ]. Moreover, for any i ∈ I, Z
i,0 △=
{
Z0t +H
i
t
}
t∈[0,T ]
defines an RCLL modification
of
{
Zi(t)
}
t∈[0,T ]
, thus it is an E˜i-supermartingale. 
Proof of Proposition 4.3: For any t ∈ [0, T ], we know from (4.11) and Proposition 4.2 that Yt ≤ Z(t) = Z0t , a.s.
Since the processes Y and Z0 are both right continuous, it follows from Remark 4.3 (2) that Z0 dominates Y .
If ν ∈ SF0,T takes values in a finite set {t1 < · · · < tn}, for any α ∈ {1 · · ·n}, we can deduce from (4.14) that
1{ν=tα}Z(ν) = 1{ν=tα}Z(tα) = 1{ν=tα}Z
0
tα = 1{ν=tα}Z
0
ν , a.s.
Summing the above expression over α, we obtain
Z0ν = Z(ν), a.s. (8.30)
For general stopping time ν ∈ S0,T , we let {νn}n∈N be a decreasing sequence in S
F
0,T such that limn→∞
↓ νn = ν, a.s.
Thus for any i ∈ I, the right-continuity of the process Zi,0 shows that
Zi,0ν = limn→∞
Zi,0νn , a.s. (8.31)
For any n ∈ N, (8.30) and (4.12) imply that
Zi,0νn = Z
i(νn) ≥ CY + 2CH , a.s. (8.32)
If Ej satisfies (2.5) for some j ∈ I, we can deduce from (4.16) and (Y2) that
E˜j
[
Zj,0νn
]
= E˜j
[
Zj(νn)
]
≤ Zj(0) = Z(0) = sup
(i,ρ)∈I×S0,T
E˜i
[
Yρ +H
i
ρ
]
<∞,
thus lim
n→∞
E˜j
[
Zj,0νn
]
<∞. Then Remark 4.2 (1) implies that Zj,0ν ∈ Dom(E ).
On the other hand, if no member of E satisfies (2.5), we suppose that (4.3) holds for some j ∈ I. In light of
Proposition 4.2 and Lemma 4.3, it holds a.s. that
CY + 2CH ≤ Z
j,0
t = Z
0
t +H
j
t = Z(t) +H
j
t ≤ ζY − CH + ζ
j , ∀ t ∈ DT ,
where ζY −CH + ζj ∈ Dom(E ) thanks to (4.6), (4.3) and (D2). Since Zj,0 is an RCLL process, it holds except on
a null set N that
CY + 2CH ≤ Z
j,0
t ≤ ζY − CH + ζ
j , ∀ t ∈ [0, T ], thus CY + 2CH ≤ Z
j,0
ν ≤ ζY − CH + ζ
j . (8.33)
Lemma 3.2 then implies that Zj,0ν ∈ Dom(E ). We have seen in both cases that Z
j,0
ν ∈ Dom(E ) for some j ∈ I.
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Since Zj,0 is an RCLL E˜j-supermartingale by Proposition 4.2, (8.32) and the Optional Sampling Theorem
(Theorem 2.4) imply that E˜j
[
Zj,0νn
∣∣Fνn+1] ≤ Zj,0νn+1 , a.s. for any n ∈ N. Applying Corollary 2.3 and Theorem 2.4
once again, we obtain
E˜j
[
Zj,0νn
∣∣Fν] = E˜j[E˜j[Zj,0νn ∣∣Fνn+1]∣∣Fν] ≤ E˜j[Zj,0νn+1∣∣Fν] ≤ Zj,0ν , a.s., (8.34)
which implies that lim
n→∞
↑ E˜j
[
Zj,0νn
∣∣Fν] ≤ Zj,0ν , a.s. On the other hand, using (8.31) and (8.32), we can deduce from
Proposition 2.7 (5) and Fatou’s Lemma (Theorem 2.1) that
Zj,0ν = E˜j
[
Zj,0ν
∣∣Fν] ≤ lim
n→∞
↑ E˜j
[
Zj,0νn
∣∣Fν] ≤ Zj,0ν , a.s.
Then (8.30) and (4.16) imply that
Zj,0ν = limn→∞
↑ E˜j
[
Zj,0νn
∣∣Fν] = lim
n→∞
↑ E˜j
[
Zj(νn)
∣∣Fν] ≤ Zj(ν), a.s., thus Z0ν ≤ Z(ν) a.s. (8.35)
On the other hand, for any (i, ρ) ∈ I × Sν,T and n ∈ N, we define ρn
△
= ρ ∨ νn ∈ Sνn,T . Proposition 2.7 (3)
implies that
E˜i
[
Y iρn
∣∣Fνn] = E˜i[Yρn +Hiνn,ρn ∣∣Fνn]+Hiνn ≤ Z(νn) +Hiνn = Zi(νn), a.s.
Taking E˜i
[
·
∣∣Fν] on both sides, we see from Corollary 2.3 that
E˜i
[
Y iρn
∣∣Fν] = E˜i[E˜i[Y iρn ∣∣Fνn]∣∣∣Fν] ≤ E˜i[Zi(νn)∣∣Fν], a.s.
It is easy to see that lim
n→∞
↓ ρn = ρ, a.s. Using the right continuity of processes Y and Hi, we can deduce from (4.8),
Fatou’s Lemma (Proposition 2.8) and (8.35) that
E˜i
[
Y iρ
∣∣Fν] ≤ lim
n→∞
E˜i
[
Y iρn
∣∣Fν] ≤ lim
n→∞
↑ E˜i
[
Zi(νn)
∣∣Fν] = Zi,0ν , a.s.
Then Proposition 2.7 (3) again implies that
E˜i
[
Yρ +H
i
ν,ρ
∣∣Fν] = E˜i[Y iρ ∣∣Fν]−Hiν ≤ Zi,0ν −Hiν = Z0ν , a.s.
Taking the essential supremum over (i, ρ) ∈ I × Sν,T yields that Z(ν) ≤ Z0ν , a.s., which in conjunction with (8.35)
shows that Z0ν = Z(ν), a.s., thus Z
0
ν ∈ Dom(E ) by Lemma 4.4. Moreover, for any i ∈ I, we have
Zi,0ν = Z
0
ν +H
i
ν = Z(ν) +H
i
ν = Z
i(ν), a.s.,
thus Zi,0ν ∈ Dom(E ) thanks to Lemma 4.4 once again. (4.17) is proved.
Now let X be another RCLL F-adapted process dominating Y such that X i
△
=
{
Xt +H
i
t
}
t∈[0,T ]
is an E˜i-
supermartingale for any i ∈ I. We fix t ∈ [0, T ]. For any i ∈ I and ν ∈ St,T , we let {νn}n∈N be a decreasing
sequence in SFt,T such that limn→∞
↓ νn = ν, a.s. For any n ∈ N, since X i dominates Y i, Remark 4.3 (1) shows that
X iνn ≥ Y
i
νn , a.s. Then (A4), Proposition 2.6 and the Optional Sampling Theorem (Theorem 2.4) imply that
E˜i
[
Yνn +H
i
t,νn
∣∣Ft] = E˜i[Y iνn ∣∣Ft]−Hit ≤ E˜i[X iνn ∣∣Ft]−Hit ≤ X it −Hit = Xt, a.s.
The right-continuity of the processes Y and Hi shows that Yν +H
i
t,ν = lim
n→∞
(
Yνn +H
i
t,νn
)
, a.s., thus it follows from
(4.7), (4.4) and Fatou’s Lemma (Proposition 2.8) that
E˜i
[
Yν +H
i
t,ν
∣∣Ft] ≤ lim
n→∞
E˜i
[
Yνn +H
i
t,νn
∣∣Ft] ≤ Xt, a.s.
Taking the essential supremum of the left-hand-side over (i, ν) ∈ I ×St,T , we can deduce from Proposition 4.2 that
Z0t = Z(t) = esssup
(i,ν)∈I×St,T
E˜i
[
Yν +H
i
t,ν
∣∣Ft] ≤ Xt, a.s.
Optimal Stopping for Non-linear Expectations 44
Since both Z0 and X are RCLL processes, Remark 4.3 (2) once again shows that X dominates Z0. 
Proof of Lemma 4.5: For any i ∈ I, (4.18), (4.4) as well as Proposition 2.7 (5) imply that
E˜i
[
Z0τδ(ν) +H
i
ν,τδ(ν)
∣∣Fν] ≥ E˜i[C∗ + CH ∣∣Fν] = CY + 2CH , a.s.
Taking the essential supremum of the left-hand-side over i ∈ I, we can deduce from (4.19) that
CY + 2CH ≤ esssup
i∈I
E˜i
[
Z0τδ(ν) +H
i
ν,τδ(ν)
∣∣Fν] = Jδ(ν) ≤ Z(ν), a.s. (8.36)
Then Lemma 3.2 imply that Jδ(ν) ∈ Dom(E ). Let σ be another stopping time in S0,T . In light of (4.17) and
(4.14), we see that
1{τδ(ν)=τδ(σ)}Z
0
τδ(ν)
= 1{τδ(ν)=τδ(σ)}Z(τδ(ν)) = 1{τδ(ν)=τδ(σ)}Z(τδ(σ)) = 1{τδ(ν)=τδ(σ)}Z
0
τδ(σ)
, a.s. (8.37)
It is clear that {ν = σ} ⊂ {τδ(ν) = τδ(σ)}. Thus multiplying 1{ν=σ} to both sides of (8.37) gives that
1{ν=σ}Z
0
τδ(ν)
= 1{ν=σ}Z
0
τδ(σ)
, a.s.
For any i ∈ I, applying Proposition 2.7 (2) and recalling how E˜i[·|Fν ] and E˜i[·|Fσ] are defined in (2.6), we obtain
1{ν=σ}E˜i
[
Z0τδ(ν) +H
i
ν,τδ(ν)
∣∣Fν] = 1{ν=σ}E˜i[Z0τδ(ν) +Hiν,τδ(ν)∣∣Fσ] = E˜i[1{ν=σ}Z0τδ(σ) + 1{ν=σ}Hiσ,τδ(σ)∣∣Fσ]
= 1{ν=σ}E˜i
[
Z0τδ(σ) +H
i
σ,τδ(σ)
∣∣Fσ], a.s.,
where we use the fact that {ν = σ} ∈ Fν∧σ thanks to Karatzas and Shreve [1991, Lemma 1.2.16]. Taking the
essential supremum of both sides over i ∈ I, Lemma 3.3 (2) implies that
1{ν=σ}Jδ(ν) = esssup
i∈I
1{ν=σ} E˜i
[
Z0τδ(ν) +H
i
ν,τδ(ν)
∣∣Fν]= esssup
i∈I
1{ν=σ}E˜i
[
Z0τδ(σ) +H
i
σ,τδ(σ)
∣∣Fσ]=1{ν=σ}Jδ(σ), a.s.,
which proves the lemma. 
Proof of Proposition 4.4:
Proof of 1. We fix i ∈ I and ν, ρ ∈ S0,T with ν ≤ ρ, a.s. Taking (ν, I ′,U) =
(
ρ, I, {τδ(ρ)}
)
and X
(
τδ(ρ)
)
= Z0τδ(ρ)
in Lemma 4.2, we can find a sequence {jn}∞n=1 in I such that
Jδ(ρ) = esssup
j∈I
E˜j [Z
0
τδ(ρ)
+Hjρ,τδ(ρ)|Fρ] = limn→∞
↑ E˜jn [Z
0
τδ(ρ)
+Hjnρ,τδ(ρ)|Fρ], a.s.
For any n ∈ N, it follows from Definition 3.2 that there exists a kn = k(i, jn, ρ) ∈ I such that E˜kn = E
ρ
i,jn
. Applying
Proposition 2.7 (3) to E˜jn , we can deduce from (3.3) and (4.5) that
E˜kn
[
Z0τδ(ρ) +H
kn
ν,τδ(ρ)
∣∣Fν] = Eρi,jn[Z0τδ(ρ) +Hknν,τδ(ρ)∣∣Fν] = E˜i[E˜jn[Z0τδ(ρ) +Hknν,τδ(ρ)∣∣Fρ]∣∣Fν]
= E˜i
[
E˜jn
[
Z0τδ(ρ) +H
jn
ρ,τδ(ρ)
∣∣Fρ]+Hiν,ρ∣∣Fν], a.s. (8.38)
Since ν ≤ ρ, a.s., we see that τδ(ν) ≤ τδ(ρ), a.s. Due to (4.17) and (4.15), we have that
E˜kn
[
Z0τδ(ρ) +H
kn
τδ(ν),τδ(ρ)
∣∣Fτδ(ν)] ≤ esssup
j∈I
E˜j
[
Z(τδ(ρ)) +H
j
τδ(ν),τδ(ρ)
∣∣Fτδ(ν)] ≤ Z(τδ(ν)) = Z0τδ(ν), a.s.
Then using Corollary 2.3 and applying Proposition 2.7 (3) to E˜kn , we obtain
E˜kn
[
Z0τδ(ρ) +H
kn
ν,τδ(ρ)
∣∣Fν] = E˜kn[E˜kn[Z0τδ(ρ) +Hknν,τδ(ρ)∣∣Fτδ(ν)]∣∣Fν]
= E˜kn
[
E˜kn
[
Z0τδ(ρ) +H
kn
τδ(ν),τδ(ρ)
∣∣Fτδ(ν)]+Hknν,τδ(ν)∣∣Fν]
≤ E˜kn
[
Z0τδ(ν) +H
kn
ν,τδ(ν)
∣∣Fν] ≤ esssup
j∈I
E˜j
[
Z0τδ(ν) +H
j
ν,τδ(ν)
∣∣Fν] = Jδ(ν), a.s.,
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which together with (8.38) shows that
E˜i
[
E˜jn
[
Z0τδ(ρ) +H
jn
ρ,τδ(ρ)
∣∣Fρ]+Hiν,ρ∣∣Fν] ≤ Jδ(ν), a.s.
For any n ∈ N, we see from (4.18), (4.4) and Proposition 2.7 (5) that
E˜jn
[
Z0τδ(ρ) +H
jn
ρ,τδ(ρ)
∣∣Fρ] +Hiν,ρ ≥ E˜jn[CY + 2CH ∣∣Fρ]+ CH = CY + 3CH , a.s.
Then Fatou’s Lemma (Proposition 2.8) implies that
E˜i
[
Jδ(ρ) +H
i
ν,ρ
∣∣Fν] ≤ lim
n→∞
↑ E˜i
[
E˜jn
[
Z0τδ(ρ) +H
jn
ρ,τδ(ρ)
∣∣Fρ]+Hiν,ρ∣∣Fν] ≤ Jδ(ν), a.s.
For any σ ∈ S0,T , Lemma 4.5, (4.2) and (D2) show that J iδ(σ)
△
= Jδ(σ) +H
i
σ ∈ Dom(E ). A simple application of
Proposition 2.7 (3) yields that
E˜i
[
J iδ(ρ)
∣∣Fν] = E˜i[Jδ(ρ) +Hiν,ρ∣∣Fν]+Hiν ≤ Jδ(ν) +Hiν = J iδ(ν), a.s. (8.39)
In particular, when 0 ≤ s < t ≤ T , we have E˜i
[
J iδ(t)
∣∣Fs] ≤ J iδ(s), a.s., which show that {J iδ(t)}t∈[0,T ] is an
E˜i-supermartingale.
Proof of 2. For any i ∈ I and ν ∈ S0,T , (8.36) and (4.4) imply that
J iδ(ν) = Jδ(ν) +H
i
ν ≥ CY + 3CH , a.s. (8.40)
In particular, J iδ(T ) ≥ CY+3CH , a.s. Proposition 2.6 and Theorem 2.3 then show that
{
Jδ,i,+t
△
= lim
n→∞
J iδ
(
q+n (t)
)}
t∈[0,T ]
defines an RCLL process. Then (8.40) implies that
essinf
t∈[0,T ]
J iδ(t) ≥ CY + 3CH , a.s. (8.41)
If Ej satisfies (2.5) for some j ∈ I, Corollary 2.2 and (8.41) imply that
Jδ,j,+ν ∈ Dom
#(Ej) = Dom(E ), ∀ ν ∈ S0,T , (8.42)
and that Jδ,j,+ is an RCLL E˜j-supermartingale such that for any t ∈ [0, T ], J
δ,j,+
t ≤ J
j
δ (t), a.s. (8.43)
Otherwise, if no member of E satisfies (2.5), we suppose that (4.3) holds for some j ∈ I. Then (8.40), (4.19) and
(4.13) imply that for any t ∈ DT ,
CY + 3CH ≤ J
j
δ (t) = Jδ(t) +H
j
t ≤ Z(t) +H
j
t ≤ ζY − CH + ζ
j , a.s.
Taking essential supremum of Jjδ (t) over t ∈ DT yields that
CY + 3CH ≤ esssup
t∈DT
Jjδ (t) ≤ ζY − CH + ζ
j , a.s.,
where ζY − CH + ζ
j ∈ Dom(E ) thanks to (4.6), (4.3) and (D2). Hence Lemma 3.2 implies that esssup
t∈DT
Jjδ (t) ∈
Dom(E ) = Dom#(Ej). Applying Corollary 2.2 and (8.41) again yields (8.42) and (8.43).
To see that Jδ,j,+ is a modification of
{
Jjδ (t)
}
t∈[0,T ]
, it suffices to show that for any t ∈ [0, T ], Jδ,j,+t ≥ J
j
δ (t),
a.s. Fix t ∈ [0, T ]. For any i ∈ I, Definition 3.2 assures that there exists a k = k(j, i, t) ∈ I such that E˜k = Etj,i.
Moreover, (S1) and (4.5) imply that
Hkt = H
k
0,t = H
j
0,t = H
j
t , and H
k
t,τδ(t)
= Hit,τδ(t), a.s. (8.44)
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For any n ∈ N, we set tn
△
= q+n (t). Let m ≥ n, it is clear that tm ≤ tn, a.s. Then (4.17), Corollary 2.3, Proposition
2.7 (3) as well as (4.15) imply that
E˜k
[
Zk,0τδ(tn)
∣∣Ftm] = E˜k[Zk(τδ(tn))∣∣Ftm] = E˜k[E˜k[Zk(τδ(tn))∣∣Fτδ(tm)]∣∣Ftm]
= E˜k
[
E˜k
[
Z(τδ(tn)) +H
k
τδ(tm),τδ(tn)
∣∣Fτδ(tm)]+Hktm,τδ(tm)∣∣Ftm]+Hktm
≤ E˜k
[
esssup
l∈I
E˜l
[
Z(τδ(tn)) +H
l
τδ(tm),τδ(tn)
∣∣Fτδ(tm)]+Hktm,τδ(tm)∣∣Ftm]+Hktm
≤ E˜k
[
Z(τδ(tm)) +H
k
tm,τδ(tm)
∣∣Ftm]+Hktm ≤ esssup
l∈I
E˜l
[
Z0τδ(tm) +H
l
tm,τδ(tm)
∣∣Ftm]+Hktm
= Jδ(tm) +H
k
tm = J
j
δ (tm) +H
k
tm −H
j
tm , a.s.
As m→∞, (8.44) as well as the right-continuity of the processes E˜k
[
Zk,0τδ(tn)
∣∣F·], Hk and Hj imply that
E˜k
[
Zk,0τδ(tn)
∣∣Ft] = lim
m→∞
E˜k
[
Zk,0τδ(tn)
∣∣Ftm] ≤ lim
m→∞
Jjδ (tm) +H
k
t −H
j
t = lim
m→∞
Jjδ (tm) = J
δ,j,+
t , a.s.
Since lim
n→∞
↓ τδ(tn) = τδ(t) a.s., the right-continuity of the process Zk,0 implies that Z
k,0
τδ(tn)
converges a.s. to Zk,0τδ(t),
which belongs to Dom(E ) thanks to Proposition 4.3. Then (4.18) and Fatou’s Lemma (Theorem 2.1) imply that
E˜k
[
Zk,0τδ(t)
∣∣Ft] ≤ lim
n→∞
E˜k
[
Zk,0τδ(tn)
∣∣Ft] ≤ Jδ,j,+t , a.s.
Similar to (8.29), we can deduce from (3.3) and (8.44) that
Jδ,j,+t ≥ E˜i
[
Z0τδ(t) +H
i
t,τδ(t)
∣∣Ft]+Hjt , a.s.
Letting i run throughout I yields that
Jδ,j,+t ≥ esssup
i∈I
E˜i
[
Z0τδ(t) +H
i
t,τδ(t)
∣∣Ft]+Hjt = Jδ(t) +Hjt = Jjδ (t), a.s.,
which implies that Jδ,j,+ is an RCLL modification of
{
Jjδ (t)
}
t∈[0,T ]
. Correspondingly, Jδ,0
△
=
{
Jδ,j,+t −H
j
t
}
t∈[0,T ]
is an RCLL modification of
{
Jδ(t)
}
t∈[0,T ]
. Moreover, for any i ∈ I, Jδ,i,0
△
=
{
Jδ,0t +H
i
t
}
t∈[0,T ]
defines an RCLL
modification of
{
J iδ(t)
}
t∈[0,T ]
, thus it is an E˜i-supermartingale.
Proof of 3. Now let us show (3). Similar to (8.30), we can deduce from Lemma 4.5 that for any ν ∈ SF0,T
Jδ,0ν = Jδ(ν), a.s. (8.45)
For a general stopping time ν ∈ S0,T , we let {νn}n∈N be a decreasing sequence in S
F
0,T such that limn→∞
↓ νn = ν, a.s.
Thus for any i ∈ I, the right-continuity of the process Jδ,i,0 shows that
Jδ,i,0ν = lim
n→∞
Jδ,i,0νn , a.s. (8.46)
In light of (8.45) and (8.40), it holds a.s. that
Jδ,i,0t = J
i
δ(t) ≥ CY + 3CH , ∀ t ∈ DT .
Since Jδ,i,0 is an RCLL process, it holds except on a null set N that
Jδ,i,0t ≥ CY + 3CH , ∀ t ∈ [0, T ], thus J
δ,i,0
σ ≥ CY + 3CH , ∀σ ∈ S0,T . (8.47)
If Ej satisfies (2.5) for some j ∈ I, we can deduce from (8.39), (4.19) and (Y2) that
E˜j
[
Jδ,j,0νn
]
= E˜j
[
Jjδ (νn)
]
≤ Jjδ (0) = Jδ(0) ≤ Z(0) = sup
(i,ρ)∈I×S0,T
E˜i
[
Yρ +H
i
ρ
]
<∞,
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thus lim
n→∞
E˜j
[
Jδ,j,0νn
]
<∞. Then Remark 4.2 (1) implies that Jδ,j,0ν ∈ Dom(E ).
On the other hand, if no member of E satisfies (2.5), we suppose that (4.3) holds for some j ∈ I. In light of
(8.45), (4.19) and (4.13), it holds a.s. that
Jδ,j,0t = J
j
δ (t) = Jδ(t) +H
j
t ≤ Z(t) +H
j
t ≤ ζY − CH + ζ
j , ∀ t ∈ DT ,
where ζY − CH + ζ
j ∈ Dom(E ) thanks to (4.6), (4.3) and (D2). Since Jδ,j,0 is an RCLL process, it holds except
on a null set N ′ that
Jδ,j,0t ≤ ζY − CH + ζ
j , ∀ t ∈ [0, T ], thus Jδ,j,0ν ≤ ζY − CH + ζ
j . (8.48)
Then (8.47) and Lemma 3.2 imply that Jδ,j,0ν ∈ Dom(E ). We have seen in both cases that J
δ,j,0
ν ∈ Dom(E ) for
some j ∈ I.
Similar to the arguments used in (8.34) through (8.35)
(
with (8.45)-(8.47) replacing (8.30)-(8.32) respectively,
and with (8.39) replacing (4.16)
)
, we can deduce that
Jδ,j,0ν = limn→∞
↑ E˜j
[
Jδ,j,0νn
∣∣Fν] = lim
n→∞
↑ E˜j
[
Jjδ (νn)
∣∣Fν] ≤ Jjδ (ν), thus Jδ,0ν ≤ Jδ(ν), a.s. (8.49)
The right-continuity of the process Jδ,0, (8.45) and (8.36) show that
Jδ,0ν = lim
n→∞
Jδ,0νn = limn→∞
Jδ(νn) ≥ CY + 2CH , a.s.
Lemma 4.5 and Lemma 3.2 thus imply that Jδ,0ν ∈ Dom(E ). For any i ∈ I, (4.2) and (D2) show that J
δ,i,0
ν =
Jδ,0ν +H
i
ν ∈ Dom(E ).
On the other hand, for any i ∈ I and n ∈ N, it is clear that ν ≤ νn ≤ τδ(νn), a.s. Then Corollary 2.3, (8.49)
and (8.39) imply that
E˜i
[
Jδ,i,0τδ(νn)
∣∣Fν] = E˜i[E˜i[Jδ,i,0τδ(νn)∣∣Fνn]∣∣Fν] ≤ E˜i[E˜i[J iδ(τδ(νn))∣∣Fνn]∣∣Fν] ≤ E˜i[J iδ(νn)∣∣Fν], a.s.
It is easy to see that lim
n→∞
↓ τδ(νn) = τδ(ν), a.s. Using the right continuity of the process Jδ,i,0, we can deduce from
(8.47), Fatou’s Lemma (Proposition 2.8) and (8.49) that
E˜i
[
Jδ,i,0τδ(ν)
∣∣Fν] ≤ lim
n→∞
E˜i
[
Jδ,i,0τδ(νn)
∣∣Fν] ≤ lim
n→∞
↑ E˜i
[
J iδ(νn)
∣∣Fν] = Jδ,i,0ν , a.s.
Proposition 2.7 (3) further implies that
E˜i
[
Jδ,0τδ(ν) +H
i
ν,τδ(ν)
∣∣Fν] = E˜i[Jδ,i,0τδ(ν)∣∣Fν]−Hiν ≤ Jδ,i,0ν −Hiν = Jδ,0ν , a.s.
Taking the essential supremum over i ∈ I gives
Jδ(ν) = esssup
i∈I
E˜i
[
Jδ,0τδ(ν) +H
i
ν,τδ(ν)
∣∣Fν] ≤ Jδ,0ν , a.s.,
which together with (8.49) shows that Jδ,0ν = Jδ(ν), a.s. 
Proof of Theorem 4.1: We first show that for any δ ∈ (0, 1) and ν ∈ S0,T
Jδ(ν) = Z
0
ν = Z(ν), a.s. (8.50)
Fix i ∈ I. Lemma 3.1 indicates that E˜i is a convex F-expectation on Dom(E ). Since Zi,0 and Jδ,i,0 are both
E˜i-supermartingales, we can deduce that for any 0 ≤ s < t ≤ T ,
E˜i
[
δZ0t + (1− δ)J
δ,0
t +H
i
t
∣∣Fs] = E˜i[δZi,0t + (1− δ)Jδ,i,0t ∣∣Fs] ≤ δE˜i[Zi,0t ∣∣Fs]+ (1− δ)E˜i[Jδ,i,0t ∣∣Fs]
≤ δZi,0s + (1− δ)J
δ,i,0
s = δZ
0
s + (1− δ)J
δ,0
s +H
i
s, a.s.,
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which shows that
{
δZ0t + (1− δ)J
δ,0
t +H
i
t
}
t∈[0,T ]
is an RCLL E˜i-supermartingale.
Now we fix t ∈ [0, T ] and define A
△
= {τδ(t) = t} ∈ Ft. Using Proposition 4.4 (3), Lemma 3.3 (2) as well as
applying Proposition 2.7 (2) and (5) to each E˜i, we obtain
1AJ
δ,0
t = 1AJδ(t) = 1Aesssup
i∈I
E˜i
[
Z0τδ(t) +H
i
t,τδ(t)
∣∣Ft] = esssup
i∈I
E˜i
[
1A
(
Z0τδ(t) +H
i
t,τδ(t)
)∣∣Ft]
= esssup
i∈I
E˜i
[
1AZ
0
t
∣∣Ft] = 1AZ0t , a.s.
Then (4.17) and (4.11) imply that
1A
(
δZ0t + (1− δ)J
δ,0
t
)
= 1AZ
0
t = 1AZ(t) ≥ 1AYt, a.s. (8.51)
Moreover, we see from the definition of τδ(t) that for any ω ∈ Ac
Ys(ω) < δZ
0
s (ω) + (1− δ)(CY + 2CH), ∀ s ∈
[
t, τδ
(
t
)
(ω)
)
(8.52)
Since both Z0 and Y are right-continuous processes, (8.52) and (8.36) imply that
Yt ≤ δZ
0
t + (1− δ)(CY + 2CH) ≤ δZ
0
t + (1− δ)J
δ,0
t a.s. on A
c,
which in conjunction with (8.51) and Remark 4.3 (2) shows that the RCLL process δZ0 + (1 − δ)Jδ,0 dominates
Y , thus dominates Z0 thanks to Proposition 4.3. It follows that Jδ,0 also dominates Z0. Then for any ν ∈ S0,T ,
Proposition 4.4 (3), Remark 4.3 (1) and (4.17) imply that Jδ(ν) = J
δ,0
ν ≥ Z
0
ν = Z(ν), a.s., The reverse inequality
comes from (4.19). This proves (8.50).
Next, we fix ν ∈ S0,T and set δn =
n−1
n , n ∈ N. It is clear that the sequence
{
τδn(ν)
}
n∈N
increasing a.s. to
τ (ν). Since the family of processes {Y i}i∈I is “E -uniformly-left-continuous”, we can find a subsequence {δ
nk}k∈N
of {δn}n∈N such that
lim
k→∞
esssup
i∈I
∣∣∣E˜i[ nknk−1Yτδnk (ν) +Hiτδnk (ν)∣∣Fν]− E˜i[Y iτ(ν)∣∣Fν]∣∣∣ = 0, a.s. (8.53)
For any i ∈ I and k ∈ N, Remark 4.4 (1) implies that Yτδnk (ν) ≥ δ
nkZ0τδnk (ν)
+
(
1 − δnk
)
(CY + 2CH), a.s. Hence
Proposition 2.7 (3) shows that
E˜i
[
Z0τδnk (ν) +H
i
ν,τδnk (ν)
∣∣Fν]+ 1nk−1 (CY + 2CH) ≤ E˜i[ nknk−1Yτδnk (ν) +Hiτδnk (ν)∣∣Fν]−Hiν
= E˜i
[
nk
nk−1
Yτδnk (ν) +H
i
τδnk (ν)
∣∣Fν]− E˜i[Y iτ(ν)∣∣Fν]+ E˜i[Yτ(ν) +Hiν,τ(ν)∣∣Fν]
≤ esssup
i∈I
∣∣∣E˜i[ nknk−1Yτδnk (ν) +Hiτδnk (ν)∣∣Fν]− E˜i[Y iτ(ν)∣∣Fν]∣∣∣+ E˜i[Yτ(ν) +Hiν,τ(ν)∣∣Fν] (8.54)
≤ esssup
i∈I
∣∣∣E˜i[ nknk−1Yτδnk (ν) +Hiτδnk (ν)∣∣Fν]− E˜i[Y iτ(ν)∣∣Fν]∣∣∣+ esssup
i∈I
E˜i
[
Yτ(ν) +H
i
ν,τ(ν)
∣∣Fν], a.s.
Taking the esssup of the left-hand-side over I, we see from (8.50) that
esssup
i∈I
∣∣∣E˜i[ nknk−1Yτδnk (ν) +Hiτδnk (ν)∣∣Fν]− E˜i[Y iτ(ν)∣∣Fν]∣∣∣+ esssup
i∈I
E˜i
[
Yτ(ν) +H
i
ν,τ(ν)
∣∣Fν]
≥ Jδnk (ν) +
1
nk−1
(CY + 2CH) = Z(ν) +
1
nk−1
(CY + 2CH), a.s.,
As k →∞, (8.53), (4.11) and (4.15) imply that
Z(ν) ≤ esssup
i∈I
E˜i
[
Yτ(ν) +H
i
ν,τ(ν)
∣∣Fν] ≤ esssup
i∈I
E˜i
[
Z(τ (ν)) +Hiν,τ(ν)
∣∣Fν] ≤ Z(ν), a.s.,
which shows that
Z(ν) = esssup
i∈I
E˜i
[
Yτ(ν) +H
i
ν,τ(ν)
∣∣Fν] = esssup
i∈I
E˜i
[
Z(τ(ν)) +Hiν,τ(ν)
∣∣Fν], a.s. (8.55)
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Now we fix ρ ∈ Sν,τ(ν). For any i ∈ I, Corollary 2.3 and (4.16) show that
E˜i
[
Zi(τ (ν))|Fν
]
= E˜i
[
E˜i
[
Zi(τ (ν))
∣∣Fρ]∣∣Fν] ≤ E˜i[Zi(ρ)|Fν], a.s.
Then Proposition 2.7 (3) implies that
E˜i
[
Z(τ(ν)) +Hiν,τ(ν)|Fν
]
= E˜i
[
Zi(τ (ν))|Fν
]
−Hiν ≤ E˜i
[
Zi(ρ)|Fν
]
−Hiν = E˜i
[
Z(ρ) +Hiν,ρ|Fν
]
, a.s.
Taking the essential supremum of both sides over I, we can deduce from (4.15) that
esssup
i∈I
E˜i
[
Z(τ(ν)) +Hiν,τ(ν)|Fν
]
≤ esssup
i∈I
E˜i
[
Z(ρ) +Hiν,ρ|Fν
]
≤ Z(ν), a.s.,
which together with (8.55) proves (4.22).
Finally, we will prove that τ(ν) = τ1(ν). For any i ∈ I and k ∈ N, (4.17), (4.15), Proposition 2.7 (3) as well as
Corollary 2.3 imply that
E˜i
[
Z0τδnk (ν) +H
i
ν,τδnk (ν)
∣∣Fν] = E˜i[Z(τδnk (ν)) +Hiν,τδnk (ν)∣∣Fν]
≥ E˜i
[
esssup
j∈I
E˜j
[
Z(τ (ν)) +Hjτδnk (ν),τ(ν)
∣∣Fτδnk (ν)]+Hiν,τδnk (ν)∣∣Fν]
≥ E˜i
[
E˜i
[
Z(τ (ν)) +Hiτδnk (ν),τ(ν)
∣∣Fτδnk (ν)]+Hiν,τδnk (ν)∣∣Fν]
= E˜i
[
E˜i
[
Z(τ (ν)) +Hiν,τ(ν)
∣∣Fτδnk (ν)]∣∣Fν] = E˜i[Z(τ(ν)) +Hiν,τ(ν)|Fν], a.s.,
which together with (8.54) shows that
esssup
i∈I
∣∣∣E˜i[ nknk−1Yτδnk (ν)+Hiτδnk (ν)∣∣Fν]−E˜i[Y iτ(ν)∣∣Fν]∣∣∣+ E˜i[Yτ(ν)+Hiν,τ(ν)∣∣Fν]
≥ E˜i
[
Z(τ (ν))+Hiν,τ(ν)|Fν
]
+ 1nk−1 (CY + 2CH), a.s.
As k →∞, (8.53) implies that
E˜i
[
Yτ(ν) +H
i
ν,τ(ν)
∣∣Fν] ≥ E˜i[Z(τ(ν)) +Hiν,τ(ν)|Fν], a.s. (8.56)
The reverse inequality follows easily from (4.11), thus (8.56) is in fact an equality. Then the second part of
Proposition 2.7 (1) and (4.17) imply that
Yτ(ν) = Z(τ (ν)) = Z
0
τ(ν), a.s.,
which shows that inf
{
t ∈ [ν, T ] : Z0t = Yt
}
≤ τ(ν), a.s. For any δ ∈ (0, 1), since
{
t ∈ [ν, T ] : Z0t = Yt
}
⊂
{
t ∈
[ν, T ] : Yt ≥ δZ0t + (1 − δ)(CY + 2CH)
}
, one can deduce that
τ (ν) ≥ inf
{
t ∈ [ν, T ] : Z0t = Yt
}
≥ inf
{
t ∈ [ν, T ] : Yt ≥ δZ
0
t + (1 − δ)(CY + 2CH)
}
∧ T = τδ(ν), a.s.
Letting δ → 1 yields that
τ (ν) ≥ inf
{
t ∈ [ν, T ] : Z0t = Yt
}
≥ lim
δ→1
τδ(ν) = τ (ν), a.s.,
which implies that τ (ν) = inf
{
t ∈ [ν, T ] : Z0t = Yt
}
, a.s. 
8.4 Proofs of Section 5
Definition 8.1. A family {ξi}i∈I ⊂ L0(FT ) is said to be directed downwards if for any i, j ∈ I, there exists a
k ∈ I such that ξk ≤ ξi ∧ ξj, a.s.
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Proof of Lemma 5.1: In light of Neveu [1975, Proposition VI-1-1], it suffices to show that the family {Ri(ν)}i∈I
is directed downwards. To see this, we define the event A
△
=
{
Ri(ν) ≥ Rj(ν)
}
and the stopping times
ρ
△
= τ j(ν)1A + τ
i(ν)1Ac ∈ Sν,T and ν(A)
△
= ν1A + T1Ac ∈ Sν,T .
By Definition 3.2, there exists a k = k
(
i, j, ν(A)
)
∈ I such that E˜k = E
ν(A)
i,j . Similar to (8.22) it holds for any
ξ ∈ Dom(E ) that
E˜k[ξ|Fν ] = 1AE˜j[ξ|Fν ] + 1Ac E˜i[ξ|Fν ], a.s. (8.57)
Moreover, (4.5) implies that
Hkν,ρ=H
i
ν(A)∧ν,ν(A)∧ρ+H
j
ν(A)∨ν,ν(A)∨ρ=1AcH
i
ν,τ i(ν)+1AH
j
ν,τ j(ν), a.s.
and that Hkν,τk(ν)=H
i
ν(A)∧ν,ν(A)∧τk(ν)+H
j
ν(A)∨ν,ν(A)∨τk(ν)
=1AcH
i
ν,τk(ν)+1AH
j
ν,τk(ν)
, a.s.
Using (8.57) twice and applying Proposition 2.7 (2) to E˜i and E˜j , we can deduce from (5.7) that
Rk(ν) ≥ E˜k
[
Yρ +H
k
ν,ρ
∣∣Fν] = 1AE˜j[Yρ +Hkν,ρ∣∣Fν]+ 1Ac E˜i[Yρ +Hkν,ρ∣∣Fν]
= E˜j
[
1AYτ j(ν) + 1AH
j
ν,τ j(ν)
∣∣Fν]+ E˜i[1AcYτ i(ν) + 1AcHiν,τ i(ν)∣∣Fν]
= 1AE˜j
[
Yτ j(ν) +H
j
ν,τ j(ν)
∣∣Fν]+ 1Ac E˜i[Yτ i(ν) +Hiν,τ i(ν)∣∣Fν] = 1ARj(ν) + 1AcRi(ν)
≥ 1AE˜j
[
Yτk(ν) +H
j
ν,τk(ν)
∣∣Fν]+ 1Ac E˜i[Yτk(ν) +Hiν,τk(ν)∣∣Fν]
= E˜j
[
1AYτk(ν) + 1AH
k
ν,τk(ν)
∣∣Fν]+ E˜i[1AcYτk(ν) + 1AcHkν,τk(ν)∣∣Fν]
= 1AE˜j
[
Yτk(ν) +H
k
ν,τk(ν)
∣∣Fν]+ 1Ac E˜i[Yτk(ν) +Hkν,τk(ν)∣∣Fν]
= E˜k
[
Yτk(ν) +H
k
ν,τk(ν)
∣∣Fν] = Rk(ν), a.s.,
which shows that Rk(ν) = 1AR
j(ν)+1AcR
i(ν) = Ri(ν)∧Rj(ν), a.s. In light of the basic properties of the essential
infimum (e.g., Neveu [1975, Proposition VI-1-1]), we can find a sequence {in}n∈N in I such that (5.8) holds. 
Proof of Lemma 5.2: As in the proof of Lemma 5.1, it suffices to show that the family {τ i(ν)}i∈I is directed
downwards. To see this, we define the stopping time σ
△
= τ i(ν) ∧ τ j(ν) ∈ Sν,T , the event A
△
= {Ri,0σ ≥ R
j,0
σ } ∈ Fσ
as well as the stopping time σ(A)
△
= σ1A + T1Ac ∈ Sσ,T . By Definition 3.2, there exists a k = k
(
i, j, σ(A)
)
∈ I
such that E˜k = E
σ(A)
i,j . Fix t ∈ [0, T ], similar to (8.22), it holds for any ξ ∈ Dom(E ) that
E˜k[ξ|Fσ∨t] = 1AE˜j [ξ|Fσ∨t] + 1Ac E˜i[ξ|Fσ∨t], a.s. (8.58)
Moreover, we can deduce from (4.5) that for any ρ ∈ Sσ∨t,T
Hkσ∨t,ρ=H
i
σ(A)∧(σ∨t),σ(A)∧ρ+H
j
σ(A)∨(σ∨t),σ(A)∨ρ=1AcH
i
σ∨t,ρ+1AH
j
σ∨t,ρ, a.s.,
which together with (8.58) and Proposition 2.7 (2) imply that
E˜k
[
Yρ+H
k
σ∨t,ρ
∣∣Fσ∨t] = 1AE˜j[Yρ+Hkσ∨t,ρ∣∣Fσ∨t]+ 1Ac E˜i[Yρ+Hkσ∨t,ρ∣∣Fσ∨t]
= E˜j
[
1AYρ+ 1AH
j
σ∨t,ρ
∣∣Fσ∨t]+ E˜i[1AcYρ+ 1AcHiσ∨t,ρ∣∣Fσ∨t]
= 1AE˜j
[
Yρ+H
j
σ∨t,ρ
∣∣Fσ∨t]+ 1Ac E˜i[Yρ+Hiσ∨t,ρ∣∣Fσ∨t], a.s.
Then applying Proposition 2.7 (3), Lemma 3.3 (2) as well as (5.6), we obtain
Rk,0σ∨t = R
k(σ ∨ t) = esssup
ρ∈Sσ∨t,T
E˜k
[
Yρ +H
k
σ∨t,ρ
∣∣Fσ∨t]
= 1A esssup
ρ∈Sσ∨t,T
E˜j
[
Yρ+H
j
σ∨t,ρ
∣∣Fσ∨t]+ 1Ac esssup
ρ∈Sσ∨t,T
E˜i
[
Yρ+H
i
σ∨t,ρ
∣∣Fσ∨t]
= 1AR
j(σ ∨ t) + 1AcR
i(σ ∨ t) = 1AR
j,0
σ∨t + 1AcR
i,0
σ∨t, a.s.
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Since Ri,0, Rj,0 and Rk,0 are all RCLL processes, it holds except on a null set N that
Rk,0σ∨t = 1AR
j,0
σ∨t + 1AcR
i,0
σ∨t, ∀ t ∈ [0, T ],
which further implies that
τk(ν) = inf
{
t ∈ [ν, T ] : Rk,0t = Yt
}
≤ inf
{
t ∈ [σ, T ] : Rk,0t = Yt
}
= 1A inf
{
t ∈ [σ, T ] : Rj,0t = Yt
}
+ 1Ac inf
{
t ∈ [σ, T ] : Ri,0t = Yt
}
, a.s. (8.59)
Since Ri,0τ i(ν) = Yτ i(ν), R
j,0
τ j(ν) = Yτ j(ν), a.s. and since σ = τ
i(ν) ∧ τ j(ν), it holds a.s. that Yσ is equal either to R
i,0
σ
or to Rj,0σ . Then the definition of the set A shows that R
j,0
σ = Yσ a.s. on A and that R
i,0
σ = Yσ a.s. on A
c, both of
which further implies that
1A inf
{
t ∈ [σ, T ] : Rj,0t = Yt
}
= σ1A and 1Ac inf
{
t ∈ [σ, T ] : Ri,0t = Yt
}
= σ1Ac , a.s.
Hence, we see from (8.59) that τk(ν) ≤ σ = τ i(ν) ∧ τ j(ν), a.s. Thanks to the basic properties of the essential
infimum (e.g., Neveu [1975, Proposition VI-1-1]), we can find a sequence {in}n∈N in I such that
τ (ν) = essinf
i∈I
τ i(ν) = lim
n→∞
↓ τ in(ν), a.s.
The limit lim
n→∞
↓ τ in(ν) is also a stopping time, thus we have τ (ν) ∈ Sν,T . 
Proof of Theorem 5.1: In light of Lemma 5.2, there exists a sequence {jn}n∈N in I such that
τ (ν) = lim
n→∞
↓ τ jn(ν), a.s.
Since the family of processes {Y i}i∈I is “E -uniformly-right-continuous”, we can find a subsequence of {jn}n∈N (we
still denote it by {jn}n∈N) such that
lim
n→∞
esssup
i∈I
∣∣E˜i[Y iτ jn (ν)∣∣Fτ(ν)]− Y iτ(ν)∣∣ = 0, a.s. (8.60)
Fix i ∈ I and n ∈ N, we know from Definition 3.2 that there exists a kn = k(i, jn, τ (ν)) ∈ I such that E˜kn = E
τ(ν)
i,jn
.
For any t ∈ [0, T ], Lemma 5.3 implies that Rkn,0τ(ν)∨t = R
jn,0
τ(ν)∨t, a.s. Since R
kn,0 and Rjn,0 are both RCLL processes,
it holds except on a null set N that
Rkn,0τ(ν)∨t = R
jn,0
τ(ν)∨t, ∀ t ∈ [0, T ],
which together with the fact that τ (ν) ≤ τkn(ν) ∧ τ jn(ν), a.s. implies that
τkn(ν) = inf
{
t ∈
[
ν, T
]
: Rkn,0t = Yt
}
= inf
{
t ∈
[
τ (ν), T
]
: Rkn,0t = Yt
}
= inf
{
t ∈
[
τ (ν), T
]
: Rjn,0t = Yt
}
= inf
{
t ∈
[
ν, T
]
: Rjn,0t = Yt
}
= τ jn(ν), a.s. (8.61)
Then (4.5), (8.61) and (3.3) show that
Rkn(ν) +Hiν = R
kn(ν) +Hknν = E˜kn
[
Yτkn (ν) +H
kn
ν,τkn (ν)
∣∣Fν]+Hknν
= E˜kn
[
Y kn
τkn (ν)
∣∣Fν] = Eτ(ν)i,jn [Y knτ jn (ν)∣∣Fν] = E˜i[E˜jn[Y knτ jn(ν)∣∣Fτ(ν)]∣∣Fν]
= E˜i
[
E˜jn
[
Yτ jn (ν)+H
jn
τ(ν),τ jn(ν)+H
i
τ(ν)
∣∣Fτ(ν)]∣∣Fν]= E˜i[E˜jn[Y jnτ jn(ν)∣∣Fτ(ν)]−Hjnτ(ν)+Hiτ(ν)∣∣Fν]
≤ E˜i
[∣∣E˜jn[Y jnτ jn (ν)∣∣Fτ(ν)]−Y jnτ(ν)∣∣+Y iτ(ν)∣∣∣Fν] ≤ E˜i[esssup
l∈I
∣∣E˜l[Y lτ jn (ν)∣∣Fτ(ν)]−Y lτ(ν)∣∣+Y iτ(ν)∣∣∣Fν], a.s. (8.62)
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For any l ∈ I, Proposition 2.7 (3), (4.7), (4.4) and (5.3) imply that∣∣E˜l[Y lτ jn (ν)∣∣Fτ(ν)]− Y lτ(ν)∣∣ = ∣∣E˜l[Yτ jn (ν) +H lτ(ν),τ jn (ν) − C∗∣∣Fτ(ν)]− (Yτ(ν) − CY ) + CH ∣∣
≤
∣∣E˜l[Yτ jn (ν) +H lτ(ν),τ jn (ν) − C∗∣∣Fτ(ν)]∣∣+ ∣∣Yτ(ν) − CY ∣∣+ |CH |
= E˜l
[
Yτ jn (ν) +H
l
τ(ν),τ jn(ν) − C∗
∣∣Fτ(ν)]+ (Yτ(ν) − CY )− CH
= E˜l
[
Y lτ jn (ν) +H
l
τ(ν),τ jn(ν)
∣∣Fτ(ν)]+ Yτ(ν) − 2C∗ ≤ 2Rl(τ(ν)) − 2C∗, a.s.
Taking the essential supremum over l ∈ I, we can deduce from (4.8) and (5.3) that
C∗ ≤ esssup
l∈I
∣∣E˜l[Y lτ jn(ν)∣∣Fτ(ν)]− Y lτ(ν)∣∣+ Y iτ(ν) ≤ 3Rl(τ (ν)) − 2C∗ +Hiτ(ν), a.s.,
where 3Rl
(
τ (ν)
)
− 2C∗+Hiτ(ν) ∈ Dom(E ) thanks to Proposition 5.1 (1), (S1’) and (D2). Applying the Dominated
Convergence Theorem (Proposition 2.9) and Proposition 2.7 (3), we can deduce from (8.62) and (8.60) that
V (ν) = essinf
j∈I
Rj(ν) ≤ lim
n→∞
Rkn(ν) ≤ lim
n→∞
E˜i
[
esssup
l∈I
∣∣E˜l[Y lτ jn (ν)∣∣Fτ(ν)]−Y lτ(ν)∣∣+Y iτ(ν)∣∣∣Fν]−Hiν
= E˜i
[
Y iτ(ν)
∣∣Fν]−Hiν = E˜i[Yτ(ν)+Hiν,τ(ν)∣∣Fν], a.s.
Taking the essential infimum of the right-hand-side over i ∈ I yields that
V (ν) ≤ essinf
i∈I
E˜i
[
Yτ(ν) +H
i
ν,τ(ν)
∣∣Fν] ≤ esssup
ρ∈Sν,T
(
essinf
i∈I
E˜i
[
Yρ +H
i
ν,ρ
∣∣Fν]) = V (ν) ≤ V (ν), a.s.
Hence, we have
V (ν) = essinf
i∈I
E˜i
[
Yτ(ν) +H
i
ν,τ(ν)
∣∣Fν] = V (ν) = essinf
i∈I
Ri(ν) ≥ Yν , a.s.,
where the last inequality is due to (5.3). 
Proof of Proposition 5.2: By Lemma 5.2, there exists a sequence {in}n∈N in I such that
σ
△
= τ(ν) = lim
n→∞
↓ τ in(ν), a.s.
For any n ∈ N, since σ ≤ τ in(ν), a.s., we have
τ in(ν) = inf{t ∈ [ν, T ] : Rin,0t = Yt} = inf{t ∈ [σ, T ] : R
in,0
t = Yt} = τ
in(σ), a.s.
Then (5.9) and (5.7) imply that
V (σ) = V (σ) ≤ Rin(σ) = E˜in [Yτ in (σ) +H
in
σ,τ in(σ)|Fσ] = E˜in [Yτ in(ν) +H
in
σ,τ in(ν)|Fσ]
= E˜in [Y
in
τ in(ν)|Fσ]−H
in
σ = E˜in [Y
in
τ in(ν)|Fσ]− Y
in
σ + Yσ ≤ esssup
i∈I
∣∣∣E˜i[Y iτ in(ν)|Fσ]− Y iσ∣∣∣+ Yσ, a.s.
As n→∞, the “E -uniform-right-continuity” of {Y i}i∈I implies that V (σ) ≤ Yσ, a.s., while the reverse inequality
is obvious from (5.9). 
Proof of Proposition 5.3: In light of Lemma 5.1 and (5.9), there exists a sequence {jn}n∈N in I such that
V (ν) = V (ν) = lim
n→∞
↓Rjn(ν), a.s.
For any n ∈ N, Definition 3.2 assures a kn = k(i, jn, ν) ∈ I such that E˜kn = E
ν
i,jn . Applying Proposition 2.7 (5) to
E˜i, we can deduce from (3.3) and (5.5) that
E˜kn
[
V (ρ) +Hjnν,ρ
∣∣Fν] ≤ E˜kn[Rjn(ρ) +Hjnν,ρ∣∣Fν] = Eνi,jn[Rjn(ρ) +Hjnν,ρ∣∣Fν] = E˜i[E˜jn[Rjn(ρ) +Hjnν,ρ∣∣Fν]∣∣Fν]
= E˜jn
[
Rjn(ρ) +Hjnν,ρ
∣∣Fν] ≤ Rjn(ν), a.s.
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Then Proposition 2.7 (3) and (4.5) imply that
essinf
k∈I
E˜k
[
V k(ρ)
∣∣Fν] ≤ E˜kn[V kn(ρ)∣∣Fν] = E˜kn[V (ρ) +Hjnν,ρ∣∣Fν] +Hiν ≤ Rjn(ν) +Hiν , a.s.
As n→∞, (5.10) follows:
essinf
k∈I
E˜k
[
V k(ρ)
∣∣Fν] ≤ lim
n→∞
↓Rjn(ν) +Hiν = V (ν) +H
i
ν = V
i(ν), a.s.
Now we assume that ν ≤ ρ ≤ τ(ν), a.s. Applying Lemma 5.1 and (5.9) once again, we can find another sequence
{j′n}n∈N in I such that
V (ρ) = V (ρ) = lim
n→∞
↓Rj
′
n(ρ), a.s.
For any n ∈ N, Definition 3.2 assures a k′n = k(i, j
′
n, ρ) ∈ I such that E˜k′n = E
ρ
i,j′n
. Since ρ ≤ τ (ν) ≤ τk
′
n(ν), a.s.,
using (5.7) with i = k′n and applying Proposition 2.7 (5) to E˜j′n , we can deduce from (4.5), (3.3) as well as Lemma
5.3 that
V i(ν) = V (ν) +Hiν = V (ν) +H
k′n
ν ≤ R
k′n(ν) +H
k′n
ν = E˜k′n
[
Rk
′
n(ρ) +H
k′n
ρ
∣∣Fν] = Eρi,j′n[Rk′n(ρ) +Hk′nρ ∣∣Fν]
= E˜i
[
E˜j′n
[
Rk
′
n(ρ) +H
k′n
ρ
∣∣Fρ]∣∣Fν] = E˜i[Rk′n(ρ) +Hk′nρ ∣∣Fν] = E˜i[Rj′n(ρ) +Hiρ∣∣Fν], a.s. (8.63)
Then (4.8) and (5.3) imply that
C∗ ≤ Y
i
ρ = Yρ +H
i
ρ ≤ R
j′n(ρ) +Hiρ ≤ R
j′1(ρ) +Hiρ, a.s.,
where Rj
′
1(ρ) +Hiρ ∈ Dom(E ) thanks to Proposition 5.1 (1), (S1’) and (D2). As n→∞ in (8.63), the Dominated
Convergence Theorem (Proposition 2.9) imply that
V i(ν) ≤ lim
n→∞
E˜i
[
Rj
′
n(ρ) +Hiρ
∣∣Fν] = E˜i[V (ρ) +Hiρ∣∣Fν] = E˜i[V i(ρ)∣∣Fν], a.s.,
which proves (5.11).
It remains to show that
{
V i
(
τ(0) ∧ t
)}
t∈[0,T ]
is an E˜i-submartingale: To see this, we fix 0 ≤ s < t ≤ T and set
ν
△
= τ (0) ∧ s, ρ
△
= τ (0) ∧ t. It is clear that ν ≤ ρ ≤ τ (0) ≤ τ (ν), a.s., hence (5.11), Corollary 2.3 and Proposition
2.7 (5) show that
V i
(
τ (0) ∧ s
)
= V i(ν) ≤ E˜i
[
V i(ρ)
∣∣Fν] = E˜i[V i(τ(0) ∧ t)∣∣Fτ(0)∧s] = E˜i[E˜i[V i(τ (0) ∧ t)∣∣Fτ(0)]∣∣Fs]
= E˜i
[
V i
(
τ (0) ∧ t
)∣∣Fs], a.s.,
which implies that
{
V i
(
τ (0) ∧ t
)}
t∈[0,T ]
is an E˜i-submartingale. 
Proof of Theorem 5.2: Proof of (1).
Step 1: For any ρ, ν ∈ S0,T , we define
Ψρ(ν)
△
= essinf
i∈I
E˜i
[
Yρ +H
i
ρ∧ν,ρ
∣∣Fρ∧ν]+Hi′ρ∧ν ∈ Fρ∧ν .
It follows from (4.7), (4.4), and Proposition 2.7 (5) that
CY + 2CH = essinf
i∈I
E˜i[CY + CH |Fρ∧ν ] + CH
≤ Ψρ(ν) ≤ E˜i′
[
Yρ +H
i′
ρ∧ν,ρ
∣∣Fρ∧ν]+Hi′ρ∧ν ≤ Ri′(ρ ∧ ν) +Hi′ρ∧ν , a.s., (8.64)
where Ri
′
(ρ ∧ ν) +Hi
′
ρ∧ν ∈ Dom(E ) thanks to Proposition 5.1 (1), (S1’) and (D2). Then Lemma 3.2 implies that
Ψρ(ν) ∈ Dom(E ). Applying Proposition 2.7 (2)-(3) and Lemma 3.3, we can alternatively rewrite Ψρ(ν) as follows:
Ψρ(ν)−Hi
′
ρ∧ν = essinf
i∈I
E˜i
[
1{ρ≤ν}Yρ∧ν+1{ρ>ν}
(
Yρ+H
i
ν,ρ
) ∣∣Fρ∧ν]
= essinf
i∈I
(
1{ρ≤ν}Yρ∧ν+1{ρ>ν}E˜i
[
Yρ+H
i
ν,ρ
∣∣Fν])= 1{ρ≤ν}Yρ+1{ρ>ν}essinf
i∈I
E˜i
[
Yρ+H
i
ν,ρ
∣∣Fν], a.s.
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Let σ ∈ S0,T . Lemma 3.3 (2) and Proposition 2.7 (2) once again imply that
1{ν=σ}Ψ
ρ(ν) = 1{ρ≤ν=σ}Yρ+ 1{ρ>ν=σ}essinf
i∈I
E˜i
[
Yρ +H
i
ν,ρ
∣∣Fν]+ 1{ν=σ}Hi′ρ∧ν
= 1{ρ≤ν=σ}Yρ+ 1{ρ>ν}essinf
i∈I
E˜i
[
1{ν=σ}
(
Yρ +H
i
σ,ρ
)∣∣Fν]+ 1{ν=σ}Hi′ρ∧σ
= 1{ρ≤ν=σ}Yρ+ 1{ρ>ν}essinf
i∈I
1{ν=σ}E˜i
[
Yρ +H
i
σ,ρ
∣∣Fσ]+ 1{ν=σ}Hi′ρ∧σ
= 1{ρ≤σ=ν}Yρ+ 1{ρ>σ=ν}essinf
i∈I
E˜i
[
Yρ +H
i
σ,ρ
∣∣Fσ]+ 1{ν=σ}Hi′ρ∧σ = 1{ν=σ}Ψρ(σ), a.s. (8.65)
Step 2: Fix ρ ∈ S0,T . For any ν ∈ S0,T and σ ∈ Sν,T , letting (ν, I ′,U) = (ρ ∧ σ, I, {ρ}) and X(ρ) = Yρ in Lemma
4.2, we can find a sequence {jn}n∈N in I such that
essinf
i∈I
E˜i
[
Yρ +H
i
ρ∧σ,ρ
∣∣Fρ∧σ] = lim
n→∞
↓ E˜jn
[
Yρ +H
jn
ρ∧σ,ρ
∣∣Fρ∧σ], a.s.
Definition 3.2 assures the existence of a kn = k(i
′, jn, ρ ∧ σ) ∈ I such that E˜kn = E
ρ∧σ
i′,jn
. Applying Proposition 2.7
(3) to E˜kn , we can deduce from (4.5) and (3.3) that
Ψρ(ν) ≤ E˜kn
[
Yρ +H
kn
ρ∧ν,ρ
∣∣Fρ∧ν]+Hi′ρ∧ν = E˜kn[Yρ +Hknρ∧ν,ρ∣∣Fρ∧ν]+Hknρ∧ν = E˜kn[Y knρ ∣∣Fρ∧ν]
= Eρ∧σi′,jn
[
Y knρ
∣∣Fρ∧ν] = E˜i′[E˜jn[Y knρ ∣∣Fρ∧σ]∣∣Fρ∧ν], a.s.
For any n ∈ N, Proposition 2.7 (3) & (5), (4.8) as well as (4.5) imply that
C∗ = E˜jn
[
C∗
∣∣Fρ∧σ] ≤ E˜jn[Y knρ ∣∣Fρ∧σ] = E˜jn[Yρ +Hjnρ∧σ,ρ∣∣Fρ∧σ]+Hi′ρ∧σ
≤ E˜j1
[
Yρ +H
j1
ρ∧σ,ρ
∣∣Fρ∧σ]+Hi′ρ∧σ ≤ Rj1(ρ ∧ σ) +Hi′ρ∧σ, a.s.,
where Rj1(ρ∧σ)+Hi
′
ρ∧σ ∈ Dom(E ) thanks to Proposition 5.1 (1), (S1’) and (D2). Then the Dominated Convergence
Theorem (Proposition 2.9), Corollary 2.3 and Proposition 2.7 (5) show that
Ψρ(ν) ≤ lim
n→∞
↓ E˜i′
[
E˜jn
[
Y knρ
∣∣Fρ∧σ]∣∣Fρ∧ν] = lim
n→∞
↓ E˜i′
[
E˜jn
[
Yρ +H
jn
ρ∧σ,ρ
∣∣Fρ∧σ]+Hi′ρ∧σ∣∣∣Fρ∧ν]
= E˜i′
[
lim
n→∞
↓ E˜jn
[
Yρ +H
jn
ρ∧σ,ρ
∣∣Fρ∧σ]+Hi′ρ∧σ∣∣Fρ∧ν] = E˜i′[essinf
i∈I
E˜i
[
Yρ +H
i
ρ∧σ,ρ
∣∣Fρ∧σ]+Hi′ρ∧σ∣∣Fρ∧ν]
= E˜i′
[
Ψρ(σ)
∣∣Fρ∧ν] = E˜i′[E˜i′[Ψρ(σ)∣∣Fρ]∣∣Fν] = E˜i′[Ψρ(σ)∣∣Fν], a.s., (8.66)
which implies that {Ψρ(t)}t∈[0,T ] is an E˜i′ -submartingale. Hence, {−Ψ
ρ(t)}t∈[0,T ] is an E
′-supermartingale by
assumption (5.12). Since E ′ satisfies (H0), (H1), (2.3) and since Dom(E ′) ∈ D˜T
(
which results from Dom(E ) ∈ D˜T
and (5.12)
)
, we know from Theorem 2.3 that Ψρ,+t
△
= lim
n→∞
Ψρ
(
q+n (t)
)
, t ∈ [0, T ] is an RCLL process and that
P
(
Ψρ,+t = limn→∞
Ψρ
(
q+n (t)
)
for any t ∈ [0, T ]
)
= 1. (8.67)
Step 3: For any ν ∈ S0,T and n ∈ N, q+n (ν) takes values in a finite set D
n
T
△
=
(
[0, T ) ∩ {k2−n}k∈Z
)
∪ {T }. Given
an α ∈ DnT , it holds for any m ≥ n that q
+
m(α) = α since D
n
T ⊂ D
m
T . It follows from (8.67) that
Ψρ,+α = lim
m→∞
Ψρ
(
q+m(α)
)
= Ψρ(α), a.s.
Then one can deduce from (8.65) that
Ψρ,+
q+n (ν)
=
∑
α∈Dn
T
1{q+n (ν)=α}Ψ
ρ,+
α =
∑
α∈Dn
T
1{q+n (ν)=α}Ψ
ρ(α) =
∑
α∈Dn
T
1{q+n (ν)=α}Ψ
ρ
(
q+n (ν)
)
= Ψρ
(
q+n (ν)
)
, a.s.
Thus the right-continuity of the process Ψρ,+ implies that
Ψρ,+ν = limn→∞
Ψρ,+
q+n (ν)
= lim
n→∞
Ψρ
(
q+n (ν)
)
, a.s. (8.68)
8.4 Proofs of Section 5 55
We have assumed that esssup
t∈DT
E˜j[Y jρ |Ft] ∈ Dom(E ) for some j = j(ρ) ∈ I. It holds a.s. that
E˜j
[
Y jρ
∣∣Ft] ≤ esssup
s∈DT
E˜j
[
Y jρ
∣∣Fs], ∀ t ∈ DT .
Since E˜j
[
Y jρ
∣∣F·] is an RCLL process, it holds except on a null set N that
E˜j
[
Y jρ
∣∣Ft] ≤ esssup
s∈DT
E˜j
[
Y jρ
∣∣Fs], ∀ t ∈ [0, T ], thus E˜j[Y jρ ∣∣Fρ∧q+n (ν)] ≤ esssup
s∈DT
E˜j
[
Y jρ
∣∣Fs], ∀n ∈ N.
Then one can deduce from (8.64), (4.4) and Proposition 2.7 (3) that
CY + 2CH ≤ Ψ
ρ
(
q+n (ν)
)
≤ E˜j
[
Yρ +H
j
ρ∧q+n (ν),ρ
∣∣Fρ∧q+n (ν)]+ζi′= E˜j[Y jρ −Hjρ∧q+n (ν)∣∣Fρ∧q+n (ν)]+ζi′
≤ E˜j
[
Y jρ − CH
∣∣Fρ∧q+n (ν)]+ζi′ = E˜j[Y jρ ∣∣Fρ∧q+n (ν)]− CH +ζi′≤ esssup
s∈DT
E˜j
[
Y jρ
∣∣Fs]− CH +ζi′ , a.s.,
where the right hand side belongs to Dom(E ) thanks to (D2) and the assumption that ζi
′
∈ Dom(E ). Hence
the Dominated Convergence Theorem (Proposition 2.9), (8.68), (8.66) as well as Proposition 2.7 (5) imply that
Ψρ,+ν = lim
n→∞
Ψρ
(
q+n (ν)
)
∈ Dom(E ) and that
Ψρ(ν) ≤ lim
n→∞
E˜i′
[
Ψρ(q+n (ν))
∣∣Fν] = E˜i′[Ψρ,+ν ∣∣Fν] = Ψρ,+ν , a.s., (8.69)
where in the last equality we used the fact that Ψρ,+ν = limn→∞
Ψρ
(
q+n (ν)
)
∈ Fν , thanks to the right-continuity of the
filtration F.
Step 4: Given ν ∈ S0,T , we set
γ
△
= τ (0) ∧ ν, γn
△
= τ (0) ∧ q+n (ν), ∀n ∈ N
and let ρ ∈ Sγ,T . Since lim
n→∞
↑1{τ(0)>q+n (ν)} = 1{τ(0)>ν} and since
{τ (0) > ν} ⊂
{
q+n (ν) = q
+
n
(
τ (0) ∧ ν
)}
, {τ(0) > q+n (ν)} ⊂
{
q+n (ν) = τ (0) ∧ q
+
n (ν)
}
, ∀n ∈ N,
one can deduce from (8.69), (8.68) and (8.65) that
1{τ(0)>ν}Ψ
ρ(γ) ≤ 1{τ(0)>ν}Ψ
ρ,+
γ = 1{τ(0)>ν} limn→∞
Ψρ
(
q+n (γ)
)
= lim
n→∞
1{τ(0)>ν}Ψ
ρ
(
q+n
(
τ (0) ∧ ν
))
= lim
n→∞
1{τ(0)>ν}Ψ
ρ
(
q+n (ν)
)
= lim
n→∞
1{τ(0)>q+n (ν)}Ψ
ρ
(
q+n (ν)
)
= lim
n→∞
1{τ(0)>q+n (ν)}Ψ
ρ
(
τ (0) ∧ q+n (ν)
)
= 1{τ(0)>ν} lim
n→∞
Ψρ
(
γn
)
, a.s. (8.70)
For any n ∈ N, we see from (5.9) that
V (γn) = V (γn) = esssup
σ∈Sγn,T
(
essinf
i∈I
E˜i
[
Yσ+H
i
γn,σ
∣∣Fγn]) ≥ essinf
i∈I
E˜i
[
Yρ∨γn+H
i
γn,ρ∨γn
∣∣Fγn], a.s. (8.71)
Since {τ(0) ≤ ν} ⊂ {γn = γ = τ (0)}, Proposition 2.7 (2) and (3) imply that for any i ∈ I
1{τ(0)≤ν}E˜i
[
Yρ+H
i
ρ∧γn, ρ
∣∣Fγn] = E˜i [1{τ(0)≤ν}(Yρ+Hiρ∧γ, ρ)∣∣Fγn] = 1{τ(0)≤ν}E˜i [Yρ+Hiρ∧γ, ρ∣∣Fγ] , a.s.,
and that
E˜i
[
Yρ∨γn+H
i
γn, ρ∨γn
∣∣Fγn] = E˜i[1{ρ≤γn}Yγn+1{ρ>γn}(Yρ+Hiρ∧γn, ρ)∣∣Fγn]
= 1{ρ≤γn}Yγn+1{ρ>γn}E˜i
[
Yρ+H
i
ρ∧γn, ρ
∣∣Fγn]
= 1{ρ≤γn}Yγn+1{ρ>γn,τ(0)>ν}E˜i
[
Yρ+H
i
ρ∧γn, ρ
∣∣Fρ∧γn]+1{ρ>γn,τ(0)≤ν}E˜i[Yρ+Hiρ∧γ, ρ∣∣Fρ∧γ], a.s.
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Then it follows from (8.71) and Lemma 3.3 that
V (γn) ≥ 1{ρ≤γn}Yγn+1{ρ>γn,τ(0)>ν}essinf
i∈I
E˜i
[
Yρ+H
i
ρ∧γn, ρ
∣∣Fρ∧γn]+1{ρ>γn,τ(0)≤ν}essinf
i∈I
E˜i
[
Yρ+H
i
ρ∧γ, ρ
∣∣Fρ∧γ]
= 1{ρ≤γn}Yγn+1{ρ>γn,τ(0)>ν}
(
Ψρ(γn)−H
i′
ρ∧γn
)
+1{ρ>γn,τ(0)≤ν}
(
Ψρ(γ)−Hi
′
ρ∧γ
)
, a.s.
As n → ∞, the right-continuity of processes Y and Hi
′
, (8.70), Lemma 3.3 as well as Proposition 2.7 (2) & (3)
show that
lim
n→∞
V (γn) ≥ 1{ρ=γ}Yγ+1{ρ>γ,τ(0)>ν}
(
lim
n→∞
Ψρ(γn)−H
i′
ρ∧γ
)
+1{ρ>γ,τ(0)≤ν}
(
Ψρ(γ)−Hi
′
ρ∧γ
)
≥ 1{ρ=γ}Yγ + 1{ρ>γ}
(
Ψρ(γ)−Hi
′
ρ∧γ
)
= 1{ρ=γ}Yγ + 1{ρ>γ}essinf
i∈I
E˜i
[
Yρ +H
i
ρ∧γ,ρ
∣∣Fρ∧γ]
= essinf
i∈I
(
1{ρ=γ}Yγ + 1{ρ>γ}E˜i
[
Yρ +H
i
γ,ρ
∣∣Fγ]) = essinf
i∈I
E˜i
[
1{ρ=γ}Yγ + 1{ρ>γ}
(
Yρ +H
i
γ,ρ
)∣∣Fγ]
= essinf
i∈I
E˜i
[
Yρ +H
i
γ,ρ
∣∣Fγ], a.s.
Taking the essential supremum of the right-hand-side over ρ ∈ Sγ,T , we obtain
lim
n→∞
V (γn) ≥ esssup
ρ∈Sγ,T
(
essinf
i∈I
E˜i
[
Yρ +H
i
γ,ρ
∣∣Fγ]) = V (γ) = V (γ), a.s. (8.72)
On the other hand, for any i ∈ I and n ∈ N we have that V (γn) = V (γn) = essinf
l∈I
Rl(γn) ≤ Ri(γn), a.s. Then
(5.6) and the right continuity of the process Ri,0 imply that
lim
n→∞
V (γn) ≤ lim
n→∞
Ri(γn) = lim
n→∞
Ri,0γn = R
i,0
γ = R
i(γ), a.s.
Taking the essential infimum of Ri(γ) over i ∈ I yields that
lim
n→∞
V (γn) ≤ essinf
i∈I
Ri(γ) = V (γ) = V (γ), a.s.
This inequality together with (8.72) shows that lim
n→∞
V (γn) = V (γ), a.s., which further implies that for any ν ∈ S0,T
and i ∈ I
lim
n→∞
V i
(
τ (0) ∧ q+n (ν)
)
= lim
n→∞
(
V
(
τ (0) ∧ q+n (ν)
)
+Hi
τ(0)∧q+n (ν)
)
= V
(
τ (0) ∧ ν
)
+Hiτ(0)∧ν = V
i
(
τ (0) ∧ ν
)
, a.s. (8.73)
Step 5: Proposition 5.3 shows that the stopped process
{
V i
′(
τ (0) ∧ t
)}
t∈[0,T ]
is an E˜i′ -submartingale, thus
{
−
V i
′(
τ (0) ∧ t
)}
t∈[0,T ]
is an E ′-supermartingale by (5.12). Then Theorem 2.3 implies that V i
′,+
t
△
= lim
n→∞
V i
′(
τ (0) ∧
q+n (t)
)
, t ∈ [0, T ] is an RCLL process and that
P
(
V i
′,+
t = lim
n→∞
V i
′(
τ (0) ∧ q+n (t)
)
for any t ∈ [0, T ]
)
= 1.
For any σ, ζ ∈ S0,T , Lemma 3.3 and (5.4) show that
1{σ=ζ}V (σ) =1{σ=ζ}V (σ) = essinf
j∈I
(
1{σ=ζ}R
j(σ)
)
= essinf
j∈I
(
1{σ=ζ}R
j(ζ)
)
=1{σ=ζ}V (ζ) =1{σ=ζ}V (ζ), a.s.,
which implies that
1{σ=ζ}V
i′(σ) = 1{σ=ζ}V (σ) + 1{σ=ζ}H
i′
σ = 1{σ=ζ}V (ζ) + 1{σ=ζ}H
i′
ζ = 1{σ=ζ}V
i′(ζ), a.s. (8.74)
Let σ ∈ SF0,T take values in a finite set {t1 < · · · < tm}. For any α ∈ {1 · · ·m} and n ∈ N, since {σ = tα} ⊂
{τ(0) ∧ q+n (σ) = τ (0) ∧ q
+
n (tα)}, one can deduce from (8.74) that
1{σ=tα}V
i′
(
τ(0) ∧ q+n (σ)
)
= 1{σ=tα}V
i′
(
τ (0) ∧ q+n (tα)
)
, a.s.
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As n→∞, (8.73) shows that
1{σ=tα}V
i′,+
σ = 1{σ=tα}V
i′,+
tα = limn→∞
1{σ=tα}V
i′
(
τ (0) ∧ q+n (tα)
)
= lim
n→∞
1{σ=tα}V
i′
(
τ(0) ∧ q+n (σ)
)
= 1{σ=tα}V
i′ (τ (0) ∧ σ) , a.s.
Summing the above expression over α, we obtain V i
′,+
σ = V
i′ (τ (0) ∧ σ), a.s. Then the right-continuity of the
process V i
′,+ and (8.73) imply that
V i
′,+
ν = limn→∞
V i
′,+
q+n (ν)
= lim
n→∞
V i
′ (
τ (0) ∧ q+n (ν)
)
= V i
′
(τ (0) ∧ ν) , a.s. (8.75)
In particular, V i
′,+ is an RCLL modification of the stopped process
{
V i
′(
τ (0) ∧ t
)}
t∈[0,T ]
. Therefore,
V 0
△
=
{
V i
′,+
t −H
i′
τ(0)∧t
}
t∈[0,T ]
is an RCLL modification of the stopped value process
{
V
(
τ(0) ∧ t
)}
t∈[0,T ]
. For any
ν ∈ S0,T , (8.75) implies that
V 0ν = V
i′,+
ν −H
i′
τ(0)∧ν = V
i′
(
τ (0) ∧ ν
)
−Hi
′
τ(0)∧ν = V
(
τ (0) ∧ ν
)
, a.s., proving (5.13).
Proof of (2). (5.13) and Proposition 5.2 imply that V 0τ(0) = V
(
τ (0)
)
= Yτ(0), a.s. Hence, we can deduce from the
right-continuity of processes V 0 and Y that τV in (5.14) is a stopping time belonging to S0,τ(0) and that
YτV = V
0
τV = V (τV ), a.s.,
where the second equality is due to (5.13). Then it follows from (5.11) that for any i ∈ I
V (0) = V i(0) ≤ E˜i
[
V i(τV )
]
= E˜i
[
Y iτV
]
= Ei
[
Y iτV
]
.
Taking the infimum of the right-hand-side over i ∈ I yields that
V (0) ≤ inf
i∈I
Ei
[
Y iτV
]
≤ sup
ρ∈S0,T
(
inf
i∈I
Ei
[
Y iρ
])
= V (0) = V (0),
which implies that inf
i∈I
Ei
[
Y iτV
]
= sup
ρ∈S0,T
inf
i∈I
Ei
[
Y iρ
]
. 
8.5 Proofs of Section 6
Proof of Proposition 6.1: Fix t ∈ [0, T ]. For any ξ ∈ Dom(E ) and i ∈ I, the definition of Dom(E ) assures that
there exists a c(ξ) ∈ R such that c(ξ) ≤ ξ, a.s. Then Proposition 2.7 (5) shows that
c(ξ) = E˜i[c(ξ)|Ft] ≤ E˜i[ξ|Ft], a.s. (8.76)
Taking the essential infimum of the right-hand-side over i ∈ I, we obtain for an arbitrary i′ ∈ I that
c(ξ) ≤ E [ξ|Ft] ≤ E˜i′ [ξ|Ft], a.s.
Since E˜i′ [ξ|Ft] ∈ Dom#(Ei′) = Dom(E ), Lemma 3.2 implies that E [ξ|Ft] ∈ Dom(E ), thus E [·|Ft] is a mapping
from Dom(E ) to Domt(E ) = Dom(E ) ∩ L0(Ft).
A simple application of Lemma 3.3 shows that E satisfies (A3), (A4) and (6.1). Hence, it only remains to show
(A2) for E . Fix 0 ≤ s < t ≤ T . Letting (ν, I ′,U) = (t, I, {T }) and taking X(T ) = ξ in Lemma 4.2, we can find a
sequence {in}n∈N in I such that
E [ξ|Ft] = essinf
i∈I
E˜i[ξ|Ft] = lim
n→∞
↓ E˜in [ξ|Ft], a.s. (8.77)
Now fix j ∈ I. For any n ∈ N, it follows from Definition 3.2 that there exists a kn = k(j, in, t) ∈ I such that
E˜kn = E
t
j,in . Applying (3.3) yields that
E [ξ|Fs] ≤ E˜kn [ξ|Fs] = E
t
j,in [ξ|Fs] = E˜j
[
E˜in
[
ξ
∣∣Ft]∣∣Fs], a.s. (8.78)
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For any n ∈ N, we see from (8.76) and (8.77) that
c(ξ) = E˜in [c(ξ)|Ft] ≤ E˜in
[
ξ
∣∣Ft] ≤ E˜i1[ξ∣∣Ft], a.s.,
where E˜i1
[
ξ
∣∣Ft] ∈ Dom#(Ei1) = Dom(E ). The Dominated Convergence Theorem (Proposition 2.9) and (8.78)
then imply that
E˜j
[
E [ξ|Ft]
∣∣Fs] = lim
n→∞
E˜j
[
E˜in [ξ|Ft]
∣∣Fs] ≥ E [ξ|Fs], a.s.
Taking the essential infimum of the left-hand-side over j ∈ I, we obtain
E
[
E [ξ|Ft]
∣∣Fs] ≥ E [ξ|Fs], a.s. (8.79)
On the other hand, for any i ∈ I and ρ ∈ St,T , applying Corollary 2.3, we obtain
E˜i[ξ|Fs] = E˜i
[
E˜i[ξ|Ft]
∣∣Fs] ≥ E˜i[E [ξ|Ft]|Fs] ≥ E [E [ξ|Ft]∣∣Fs], a.s.
Taking the essential infimum of the left-hand-side over i ∈ I yields that E [ξ|Fs] ≥ E
[
E [ξ|Ft]
∣∣Fs], a.s., which
together with (8.79) proves (A2) for E . 
8.6 Proofs of Section 7
Proof of Proposition 7.1: By (7.2), it holds dt× dP -a.s. that for any z ∈ Rd
|g(t, z)| = |g(t, z)− g(t, 0)| ≤ Kg|z|, thus g˜(t, z)
△
= −Kg|z| ≤ g(t, z).
Clearly, g˜ is a generator satisfying (7.2). It is also positively homogeneous in z, i.e.
g˜(t, αz) = −Kg|αz| = −αKg|z| = αg˜(t, z), ∀α ≥ 0, ∀ z ∈ R
d.
Then Example 10 of Peng [1997] (or Proposition 8 of Rosazza Gianin [2006]) and (7.6) imply that for any n ∈ N
and any A ∈ FT with P (A) > 0
nEg˜[1A] = Eg˜[n1A] ≤ Eg[n1A]. (8.80)
Since Eg˜[1A] > 0
(
which follows from the second part of (A1)
)
, letting n→∞ in (8.80) yields (H0).
Next, we consider a sequence {ξn}n∈N ⊂ L2(FT ) with sup
n∈N
|ξn| ∈ L2(FT ). If ξn converges a.s., it is clear that
ξ
△
= lim
n→∞
ξn ∈ L2(FT ). Applying Lemma 7.1 with µ = Kg, we obtain∣∣Eg[ξn]− Eg[ξ]∣∣ ≤ Egµ[|ξn − ξ|] = ∥∥Egµ[|ξn − ξ|]∥∥L2(FT ) ≤ ∥∥∥ sup
t∈[0,T ]
Egµ
[
|ξn − ξ|
∣∣Ft]∥∥∥
L2(FT )
≤ Ce(Kg+K
2
g )T ‖ξn − ξ‖L2(FT ),
where we used the fact that Kgµ = µ in the last inequality. As n → ∞, thanks to the Dominated Convergence
Theorem of the linear expectation E, we have that ‖ξn− ξ‖2L2(FT ) = E|ξn− ξ|
2 → 0; thus lim
n→∞
Eg[ξn] = Eg[ξ]. Then
(H1) and (H2) follow.
For any ν ∈ S0,T and ξ ∈ L2,+(FT )
△
= {ξ ∈ L2(FT ) : ξ ≥ 0, a.s.}, Lemma 7.1 (1) shows that sup
t∈[0,T ]
∣∣Eg[ξ|Ft]∣∣ ∈
L2,+(FT ), consequently Eg[ξ|Fν ] ∈ L2,+(FT ). Since Xξ
△
= Eg[ξ|F·] is a continuous process, Xξ,+ν = X
ξ
ν = Eg[ξ|Fν ] ∈
L2,+(FT ), which proves (H3). 
Proof of Proposition 7.2: Fix ν ∈ S0,T . It is easy to check that the generator gν satisfies (7.2) with Lipschitz
coefficient K1 ∨K2. For any ξ ∈ L2(FT ), we set η
△
= Γξ,g2ν ∈ Fν and define
Θ˜t
△
= 1{ν≤t}Θ
ξ,g2
t + 1{ν>t}Θ
η,g1
t , ∀ t ∈ [0, T ].
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It follows that
gν(t, Θ˜t) = 1{ν≤t} g2(t, Θ˜t) + 1{ν>t}g1(t, Θ˜t) = 1{ν≤t} g2(t,Θ
ξ,g2
t ) + 1{ν>t}g1(t,Θ
η,g1
t ), ∀ t ∈ [0, T ].
For any t ∈ [0, T ], since {ν ≤ t} ∈ Ft, one can deduce that
1{ν≤t}
(
ξ +
∫ T
t
gν(s, Θ˜s)ds−
∫ T
t
Θ˜sdBs
)
= 1{ν≤t}ξ +
∫ T
t
1{ν≤t}g
ν(s, Θ˜s)ds−
∫ T
t
1{ν≤t}Θ˜sdBs
= 1{ν≤t}ξ +
∫ T
t
1{ν≤t}g2(s,Θ
ξ,g2
s ) ds−
∫ T
t
1{ν≤t}Θ
ξ,g2
s dBs
= 1{ν≤t}
(
ξ +
∫ T
t
g2(s,Θ
ξ,g2
s ) ds−
∫ T
t
Θξ,g2s dBs
)
= 1{ν≤t}Γ
ξ,g2
t , a.s. (8.81)
The continuity of processes
∫ T
· g
ν(s, Θ˜s)ds,
∫ T
· Θ˜sdBs and Γ
ξ,g2
· then implies that except on a null set N
1{ν≤t}
(
ξ +
∫ T
t
gν(s, Θ˜s)ds−
∫ T
t
Θ˜sdBs
)
= 1{ν≤t} Γ
ξ,g2
t , ∀ t ∈ [0, T ].
Taking t = ν(ω) for any ω ∈ N c yields that
ξ +
∫ T
ν
gν(s, Θ˜s)ds−
∫ T
ν
Θ˜sdBs = Γ
ξ,g2
ν = η, a.s. (8.82)
Now fix t ∈ [0, T ]. We can deduce from (8.82) that
1{ν>t}
(
ξ +
∫ T
t
gν(s, Θ˜s)ds−
∫ T
t
Θ˜sdBs
)
= 1{ν>t}
(
η +
∫ ν
t
gν(s, Θ˜s)ds−
∫ ν
t
Θ˜sdBs
)
= 1{ν>t}
(
η +
∫ ν
t
g1(s,Θ
η,g1
s )ds−
∫ ν
t
Θη,g1s dBs
)
, a.s. (8.83)
Moreover, Proposition 2.7 (5) implies that
Eg1 [η|Ft∧ν ] = η +
∫ T
t∧ν
g1(s,Θ
η,g1
s )ds−
∫ T
t∧ν
Θη,g1s dBs = Eg1 [η|Fν ] +
∫ ν
t∧ν
g1(s,Θ
η,g1
s )ds−
∫ ν
t∧ν
Θη,g1s dBs
= η +
∫ ν
t∧ν
g1(s,Θ
η,g1
s )ds−
∫ ν
t∧ν
Θη,g1s dBs, a.s.
Multiplying both sides with 1{ν>t} and using (8.83), we obtain
1{ν>t}
(
ξ +
∫ T
t
gν(s, Θ˜s)ds−
∫ T
t
Θ˜sdBs
)
= 1{ν>t}Eg1 [η|Ft] = 1{ν>t}Eg1 [Γ
ξ,g2
ν
∣∣Ft], a.s.,
which in conjunction with (8.81) shows that for any t ∈ [0, T ]
ξ +
∫ T
t
gν(s, Θ˜s)ds−
∫ T
t
Θ˜sdBs = 1{ν≤t}Γ
ξ,g2
t + 1{ν>t}Eg1 [Γ
ξ,g2
ν
∣∣Ft]
= 1{ν≤t}Eg2 [ξ|Ft] + 1{ν>t}Eg1
[
Eg2 [ξ|Fν ]
∣∣Ft] = Eνg1,g2 [ξ|Ft], a.s.
Since
∫ T
· g
ν(s, Θ˜s)ds,
∫ T
· Θ˜sdBs and E
ν
g1,g2 [ξ|F·] are all continuous processes, it holds except a null N
′ that
Eνg1,g2 [ξ|Ft] = ξ +
∫ T
t
gν(s, Θ˜s)ds−
∫ T
t
Θ˜sdBs, ∀ t ∈ [0, T ].
One can easily show that
(
Eνg1,g2 [ξ|F·], Θ˜
)
∈ C2
F
([0, T ])×H2
F
([0, T ];Rd). Thus the pair is the unique solution to the
BSDE(ξ, gν), namely Egν [ξ|Ft] = Eνg1,g2 [ξ|Ft] for any t ∈ [0, T ]. 
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Proof of Theorem 7.1: We first note that for any g ∈ G ′, (7.7) implies that for every Eg-submartingale X , −X
is an Eg−-supermartingale although g
− is concave (which means that Eg− may not belong to E
′). Hence, condition
(5.12) is satisfied.
Fix g ∈ G ′. Clearly Hg0 = 0. For any s, t ∈ DT with s < t, we can deduce from (h˜1) and (h˜2) that
CH ′
△
= c′T ≤
∫ t
s
c′ds ≤
∫ t
s
hgrdr = H
g
s,t ≤
∫ t
s
h′(r)dr ≤
∫ T
0
h′(r)dr, a.s., (8.84)
which implies that
CH ′ ≤ essinf
s,t∈DT ;s<t
Hgs,t ≤ esssup
s,t∈DT ;s<t
Hgs,t ≤
∫ T
0
h′(r)dr, a.s.,
thus (S2) holds. Since
∫ T
0 h
′(r)dr ∈ L2(FT ), it follows that
esssup
s,t∈DT ;s<t
Hgs,t ∈ L
2,#(FT )
△
=
{
ξ ∈ L2(FT ) : ξ ≥ c, a.s. for some c ∈ R
}
= Dom(E ′).
We can also deduce from (8.84) that except on a null set N
CH ′ ≤ H
g
s,t ≤
∫ T
0
h′(r)dr, ∀ 0 ≤ s < t ≤ T.
Hence, for any ν, ρ ∈ S0,T with ν ≤ ρ, a.s., we have
CH ′ ≤ H
g
ν,ρ ≤
∫ T
0
h′(r)dr, a.s.,
which implies that Hgν,ρ ∈ L
2,#(FT ) = Dom(E
′); so we got (S1’). Moreover, (S3) directly follows from (h˜3).
Next, we check that the process Y satisfies (Y1) and (4.6). By (7.11) and (Y3), it holds a.s. that CY ≤ Yt ≤ ζ′Y
for any t ∈ DT . The right-continuity of the process Y then implies that except on a null set N˜
CY ≤ Yt ≤ ζ
′
Y , ∀ t ∈ [0, T ], thus CY ≤ Yρ ≤ ζ
′
Y , ∀ ρ ∈ S0,T . (8.85)
Since ζ′Y ∈ L
2(FT ), it follows that Yρ ∈ L2,#(FT ) = Dom(E ′) for any ρ ∈ S0,T , thus (Y1) holds. Moreover, for
any g ∈ G ′, ρ ∈ S0,T and t ∈ DT , Proposition 2.2 (2), (8.85) and Lemma 7.1 (2) show that
CY + c
′T = Eg[CY + c
′T |Ft] ≤ Eg
[
Yρ +
∫ ρ
0
c′ds
∣∣∣∣Ft] ≤ Eg[Y gρ |Ft] ≤ ∣∣Eg[Y gρ |Ft]∣∣
=
∣∣Eg[Y gρ |Ft]− Eg[0|Ft]∣∣ ≤ EgM [|Y gρ |∣∣Ft] ≤ EgM [∣∣Yρ∣∣ + ∫ ρ
0
|hgs |ds
∣∣∣∣Ft]
≤ sup
t∈[0,T ]
Eg
M
[
ζ′Y ∨ (−CY ) +
∫ T
0
h′(s) ∨ (−c′) ds
∣∣∣∣Ft], a.s.
Taking essential supremum of Eg[Y gρ
∣∣Ft] over (g, ρ, t) ∈ G ′ × S0,T ×DT , we can deduce from (A4) that
CY + c
′T ≤ esssup
(g,ρ,t)∈G ′×S0,T×DT
Eg[Y
g
ρ
∣∣Ft] ≤ sup
t∈[0,T ]
Eg
M
[
ζ′Y +
∫ T
0
h′(s)ds
∣∣∣∣Ft]− CY − c′T, a.s. (8.86)
Lemma 7.1 (1) implies that∥∥∥∥ sup
t∈[0,T ]
Eg
M
[
ζ′Y +
∫ T
0
h′(s)ds
∣∣∣∣Ft]∥∥∥∥
L2(FT )
≤ Ce(M+M
2)T
∥∥∥∥ ζ′Y +∫ T
0
h′(s)ds
∥∥∥∥
L2(FT )
<∞.
Hence, we see from (8.86) that esssup
(g,ρ,t)∈G ′×S0,T×DT
Eg[Y gρ |Ft] ∈ L
2,#(FT ) = Dom(E ′), which is exactly (4.6).
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Now we show that the family of processes
{
Y gt , t ∈ [0, T ]
}
g∈G ′
is both “E ′-uniformly-left-continuous” and
“E ′-uniformly-right-continuous”. For any ν, ρ ∈ S0,T with ν ≤ ρ, a.s., let {ρn}n∈N ⊂ Sν,T be a sequence increasing
a.s. to ρ. For any g ∈ G ′, Lemma 7.1 (2) implies that∣∣∣Eg[ nn−1Yρn +Hgρn ∣∣Fν]− Eg[Y gρ ∣∣Fν]∣∣∣ ≤ EgM [∣∣∣ nn−1Yρn − Yρ − ∫ ρ
ρn
hg(s)ds
∣∣∣∣∣∣∣Fν]
≤ Eg
M
[∣∣∣ nn−1Yρn − Yρ∣∣∣+ ∫ ρ
ρn
h˜′(s)ds
∣∣∣∣Fν], a.s.,
where g
M
(z)
△
=M |z|, z ∈ Rd and h˜′(t)
△
= h′(t)− c′, t ∈ [0, T ]. Taking essential supremum of the left hand side over
g ∈ G ′ yields that
esssup
g∈G ′
∣∣∣Eg[ nn−1Yρn +Hgρn ∣∣Fν]− Eg[Y gρ ∣∣Fν]∣∣∣ ≤ EgM [∣∣∣ nn−1Yρn − Yρ∣∣∣+ ∫ ρ
ρn
h˜′(s) ds
∣∣∣∣Fν], a.s. (8.87)
Moreover, Lemma 7.1 (1) implies that∥∥∥∥EgM[∣∣∣ nn−1Yρn−Yρ∣∣∣+∫ ρ
ρn
h˜′(s)ds
∣∣∣∣Fν]∥∥∥∥
L2(FT )
≤
∥∥∥∥ sup
t∈[0,T ]
Eg
M
[∣∣∣ nn−1Yρn−Yρ∣∣∣+∫ ρ
ρn
h˜′(s)ds
∣∣∣∣Ft]∥∥∥∥
L2(FT )
≤ Ce(M+M
2)T
∥∥∥∥∣∣∣ nn−1Yρn− Yρ∣∣∣+ ∫ ρ
ρn
h˜′(s)ds
∥∥∥∥
L2(FT )
. (8.88)
Since ∣∣ n
n−1Yρn− Yρ
∣∣ ≤ nn−1 ∣∣Yρn − Yρ∣∣+ 1n−1 ∣∣Yρ∣∣ ≤ 2∣∣Yρn − Yρ∣∣+ 1n−1 ∣∣Yρ∣∣, ∀n ≥ 2,
the continuity of Y implies that lim
n→∞
(∣∣ n
n−1Yρn − Yρ
∣∣+ ∫ ρ
ρn
h˜′(s)ds
)
= 0, a.s. It also holds for any n ≥ 2 that
∣∣ n
n−1Yρn − Yρ
∣∣+ ∫ ρ
ρn
h˜′(s)ds ≤ 3
(
ζ′Y − CY
)
+
∫ T
0
h′(s)ds− c′T, a.s.,
where the right-hand sides belongs to L2(FT ). Thus the Dominated Convergence Theorem implies that
the sequence
{∣∣∣ nn−1Yρn − Yρ∣∣∣+ ∫ ρ
ρn
h˜′(s)ds
}
n∈N
converges to 0 in L2(FT ),
which together with (8.87) and (8.88) implies that
the sequence
{
esssup
g∈G ′
∣∣Eg[ nn−1Yρn +Hgρn ∣∣Fν]− Eg[Y gρ ∣∣Fν]∣∣}
n∈N
also converges to 0 in L2(FT ).
Then we can find a subsequence {nk}k∈N of N such that
lim
n→∞
esssup
g∈G ′
∣∣Eg[ nknk−1Yρnk +Hgρnk |Fν ]− Eg[Y gρ |Fν ]∣∣ = 0, a.s.
Therefore, the family of process {Y g}g∈G ′ is “E ′-uniformly-left-continuous”. The “E ′-uniform-right-continuity” of
{Y g}g∈G ′ can be shown similarly. 
Proof of Theorem 7.2: For any U ∈ U, Theorem 7.1 and Proposition 4.2 imply that ZU,0 =
{
Z0t +
∫ t
0
hUs ds
}
t∈[0,T ]
is an Eg
U
-supermartingale. In light of the Doob-Meyer Decomposition of g-expectation (see e.g. Peng [1999,
Theorem 3.3], or Peng [2004, Theorem 3.9]), there exists an RCLL increasing process ∆U null at 0 and a process
ΘU ∈ H2
F
([0, T ];Rd) such that
ZU,0t = Z
U,0
T +
∫ T
t
g
U
(s,ΘUs )ds+∆
U
T −∆
U
t −
∫ T
t
ΘUs dBs, t ∈ [0, T ] . (8.89)
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In what follows we will show that
U∗(t, ω)
△
= u∗
(
t, ω,ΘU
0
t (ω)
)
, (t, ω) ∈ [0, T ]× Ω
is an optimal control desired, where U0 ≡ 0 denotes the null control.
Recall that τ (0) = inf
{
t ∈ [0, T ] | Z0t = Yt
}
. Taking t = τ (0) and t = τ (0) ∧ t respectively in (8.89) and
subtracting the former from the latter yields that
ZU,0τ(0)∧t = Z
U,0
τ(0) +
∫ τ(0)
τ(0)∧t
g
U
(s,ΘUs )ds+∆
U
τ(0) −∆
U
τ(0)∧t −
∫ τ(0)
τ(0)∧t
ΘUs dBs, t ∈ [0, T ] , (8.90)
which is equivalent to
Z0τ(0)∧t = Z
0
τ(0) +
∫ τ(0)
τ(0)∧t
H(s,ΘUs , Us)ds+∆
U
τ(0) −∆
U
τ(0)∧t −
∫ τ(0)
τ(0)∧t
ΘUs dBs, t ∈ [0, T ] . (8.91)
In particular, taking U = U0, we obtain
Z0τ(0)∧t = Z
0
τ(0) +
∫ τ(0)
τ(0)∧t
H(s,ΘU
0
s , U
0
s )ds+∆
U0
τ(0) −∆
U0
τ(0)∧t −
∫ τ(0)
τ(0)∧t
ΘU
0
s dBs, t ∈ [0, T ] . (8.92)
Comparing the martingale parts of (8.91) and (8.92), we see that for any U ∈ U,
ΘUt = Θ
U0
t , dt× dP -a.s. (8.93)
on the stochastic interval [[0, τ(0)]]
△
= {(t, ω) ∈ [0, T ]× Ω : 0 ≤ t ≤ τ (0)}. Plugging this back into (8.91) yields that
Z0τ(0)∧t = Z
0
τ(0) +
∫ τ(0)
τ(0)∧t
H(s,ΘU
0
s , Us)ds+∆
U
τ(0) −∆
U
τ(0)∧t −
∫ τ(0)
τ(0)∧t
ΘU
0
s dBs, t ∈ [0, T ] . (8.94)
Let us define g
Ko
(z)
△
= Ko|z|, z ∈ Rd. Note that it is not necessary that gKo = gU for some U ∈ U. For
any U ∈ U, we set Γt
△
= Eg
U
[
ZU,0τ(0)
∣∣∣Ft] and Γˆt △= Eg
Ko
[
−∆U
∗
τ(0)
∣∣∣Ft], t ∈ [0, T ], which are the solutions to the
BSDE
(
ZU,0τ(0), gU
)
and BSDE
(
−∆U
∗
τ(0), gKo
)
respectively, i.e.,
Γt = Z
U,0
τ(0) +
∫ T
t
g
U
(s,Θs)ds−
∫ T
t
ΘsdBs, t ∈ [0, T ] ,
Γˆt = −∆
U∗
τ(0) +
∫ T
t
Ko
∣∣Θˆs∣∣ds− ∫ T
t
ΘˆsdBs, t ∈ [0, T ] ,
where Θ, Θˆ ∈ H2
F
([0, T ];Rd). Applying Proposition 2.7 (5) and Corollary 2.3, we obtain that for any t ∈ [0, T ]
Γτ(0) − Γτ(0)∧t = EgU
[
ZU,0τ(0)
∣∣∣Fτ(0)]− EgU [ZU,0τ(0)∣∣∣Fτ(0)∧t] = ZU,0τ(0) − EgU [EgU [ZU,0τ(0)∣∣∣Fτ(0)] ∣∣∣Ft]
= ZU,0τ(0) − EgU
[
ZU,0τ(0)
∣∣∣Ft] = ZU,0τ(0) − Γt, a.s.
Then the continuity of processes Γ· and Z
U,0
· imply that
Γt − Z
U,0
τ(0)∧t = Z
U,0
τ(0) − Z
U,0
τ(0)∧t + Γτ(0)∧t − Γτ(0) = Z
U,0
τ(0) − Z
U,0
τ(0)∧t +
∫ τ(0)
τ(0)∧t
g
U
(s,Θs)ds−
∫ τ(0)
τ(0)∧t
ΘsdBs
= Z0τ(0) − Z
0
τ(0)∧t +
∫ τ(0)
τ(0)∧t
H(s,Θs, Us)ds−
∫ τ(0)
τ(0)∧t
ΘsdBs
= −∆U
∗
τ(0) +∆
U∗
τ(0)∧t +
∫ τ(0)
τ(0)∧t
[
H(s,Θs, Us)−H(s,Θ
U0
s , U
∗
s )
]
ds−
∫ τ(0)
τ(0)∧t
(Θs −Θ
U0
s )dBs, t ∈ [0, T ],
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where we used (8.94) with U = U∗ in the last inequality. Since it holds dt× dP -a.s. that
H(t,Θt, Ut)−H(t,Θ
U0
t , U
∗
t ) = H(t,Θt, Ut)−H
(
t,ΘU
0
t , u
∗(t,ΘU
0
t )
)
≤ H(t,Θt, Ut)−H(t,Θ
U0
t , Ut)
= go(t,Θt, Ut)− g
o(t,ΘU
0
t , Ut) ≤
∣∣go(t,Θt, Ut)− go(t,ΘU0t , Ut)∣∣ ≤ Ko∣∣Θt −ΘU0t ∣∣,
the comparison Theorem for BSDEs (see e.g. Peng [1997, Theorem 35.3]) implies that
Γˆt ≥ Γt − Z
U,0
τ(0)∧t −∆
U∗
τ(0)∧t, t ∈ [0, T ] .
In particular, when t = 0, we can deduce from (4.17) that
Eg
Ko
[
−∆U
∗
τ(0)
]
≥ Eg
U
[
ZU
(
τ (0)
)]
− Z(0).
Taking supremum of the right hand side over U ∈ U and applying Theorem 4.1 with ν = 0, we obtain
0 ≥ Eg
Ko
[
−∆U
∗
τ(0)
]
≥ sup
U∈U
Eg
U
[
ZU
(
τ (0)
)]
− Z(0) = 0,
thus Eg
Ko
[
−∆U
∗
τ(0)
]
= 0. The strict monotonicity of g-expectation (see e.g. Coquet et al. [2002, Proposition
2.2(iii)]) then implies that ∆U
∗
τ(0) = 0, a.s. Plugging it back to (8.90) and using (8.93), we obtain
ZU
∗, 0
τ(0)∧t = Z
U∗, 0
τ(0) +
∫ τ(0)
τ(0)∧t
g
U∗
(s,ΘU
0
s )ds−
∫ τ(0)
τ(0)∧t
ΘU
0
s dBs
= ZU
∗, 0
τ(0) +
∫ T
t
g
U∗
(s,1{s≤τ(0)}Θ
U0
s )ds−
∫ T
t
1{s≤τ(0)}Θ
U0
s dBs, t ∈ [0, T ] , (8.95)
which implies that Eg
U∗
[
ZU
∗, 0
τ(0)
∣∣∣Ft] = ZU∗, 0τ(0)∧t, ∀ t ∈ [0, T ]. Namely, {ZU∗, 0τ(0)∧t}t∈[0,T ] is a gU∗ -martingale. Eventu-
ally, letting t = 0 in (8.95), we can deduce from (4.17) and Theorem 4.1 that
Z(0) = ZU
∗, 0
0 = EgU∗
[
ZU
∗, 0
τ(0)
]
= Eg
U∗
[
Z
(
τ(0)
)
+
∫ τ(0)
0
hU
∗
s ds
]
= Eg
U∗
[
Yτ(0) +
∫ τ(0)
0
hU
∗
s ds
]
. 
Proof of Proposition 7.3: Because of its linearity in z, the primary generator
go(t, ω, z, u)
△
=
〈
σ−1(t,X(ω))f
(
t,X(ω), u
)
, z
〉
∀ (t, ω, z, u) ∈ [0, T ]× Ω× Rd × S (8.96)
satisfies (go2) and (go4). Then (go1) follows from the continuity of the process {X(t)}t∈[0,T ] as well as the measur-
ability of the volatility σ and of the function f . Moreover, (7.15) and (7.21) imply that for a.e. t ∈ [0, T ]
|go(t, ω, z1, u)−g
o(t, ω, z2, u)| =
∣∣〈σ−1(t,X(ω))f(t,X(ω), u), z−z′〉∣∣ ≤ ∥∥σ−1(t,X(ω))∥∥ · ∣∣f(t,X(ω), u)∣∣ · |z−z′|
≤ K2|z − z′|, ∀ z1, z2 ∈ R
d, ∀ (ω, u) ∈ Ω× S,
which shows that go satisfies (go4) with Ko = K
2. Clearly, U˜ = H0
F
([0, T ];S) is closed under the pasting in the
sense of (7.13). Hence, we know from last section that {Eg
U
}U∈U˜ is a stable class of g-expectations, where gU is
defined in (7.12).
Fix U ∈ U˜. For any ξ ∈ L2(F), we see from (7.4) that
Eg
U
[ξ|Ft] = ξ +
∫ T
t
gU (s,Θs)ds−
∫ T
t
ΘsdBs
= ξ +
∫ T
t
〈
σ−1(s,X)f
(
s,X, Us
)
,Θs
〉
ds−
∫ T
t
ΘsdBs = ξ −
∫ T
t
ΘsdB
U
s , t ∈ [0, T ],
where BUt
△
= Bt−
∫ t
0 σ
−1(s,X)f(s,X, Us) ds, t ∈ [0, T ] is a Brownian Motion with respect to PU . For any t ∈ [0, T ],
taking EU [·|Ft] on both sides above yields that
Eg
U
[ξ|Ft] = EU
[
Eg
U
[ξ|Ft]
∣∣Ft] = EU [ξ|Ft]− EU[ ∫ T
t
ΘsdB
U
s
∣∣∣∣Ft] = EU [ξ|Ft], a.s. (8.97)
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Hence the g-expectation Eg
U
coincides with the linear expectation EU on L
2(FT ).
Clearly, the process Y
△
=
{
ϕ(X(t))
}
t∈[0,T ]
satisfies (Y 3) since ϕ is bounded from below by −K. We see from
(7.20) that for any t ∈ [0, T ]
Yt = ϕ(X(t)) ≤ K|X(t)| ≤ K‖X‖
∗
T .
Taking essential supremum of Yt over t ∈ DT yields that
ζ′Y
△
=
(
esssup
t∈DT
Yt
)+
≤ K‖X‖∗T , a.s. (8.98)
For any t ∈ [0, T ], the Burkholder-Davis-Gundy inequality, (σ1), (7.15) as well as Fubini Theorem imply that
E
[(
‖X‖∗t
)2]
= E
[
sup
s∈[0,t]
|X(s)|2
]
≤ 2x2 + 2E
{
sup
s∈[0,t]
∣∣∣ ∫ s
0
σ(r,X)dBr
∣∣∣2} ≤ 2x2 + 2CE ∫ t
0
|σ(s,X)|2ds
≤ 2x2 + 4C
∫ t
0
|σ(s,~0)|2ds+ 4CE
∫ t
0
|σ(s,X)− σ(s,~0)|2ds
≤ 2x2 + 4C
∫ T
0
|σ(s,~0)|2ds+ 4Cn2K2
∫ t
0
E
[(
‖X‖∗s
)2]
ds.
Then applying Gronwall’s inequality yields that
E
[(
‖X‖∗T
)2]
≤
(
2x2 + 4C
∫ T
0
|σ(s,~0)|2ds
)
e4Cn
2K2T <∞, (8.99)
which together with (8.98) shows that ζ′Y ∈ L
2(FT ), proving (7.11).
Next, we define a function ho(t, ω, u)
△
= h(t,X(ω), u), ∀ (t, ω, u) ∈ [0, T ]×Ω× S. The continuity of the process
{X(t)}t∈[0,T ] and the measurability of the function h imply that h
o is P ⊗ S/B(R)-measurable. We see from
(7.21) that ho satisfies (hˆ1). It also follows from (7.21) that for a.e. t ∈ [0, T ] and for any ω ∈ Ω,
hUt (ω)
△
= ho(t, ω, Ut(ω)) = h(t,X(ω), Ut(ω)) ≤ K‖X(ω)‖
∗
T , ∀U ∈ U˜.
Taking essential supremum of hUt (ω) over U ∈ U˜ with respect to the product measure space ([0, T ]×Ω, P, λ× P )
yields that
hˆ(t, ω)
△
=
(
esssup
U∈U˜
hUt (ω)
)+
≤ K‖X(ω)‖∗T , dt× dP -a.s.,
which leads to that
∫ T
0
hˆ(t, ω)dt ≤ KT ‖X(ω)‖∗T , a.s. Hence, (8.99) implies that
∫ T
0
hˆ(t, ω)dt ∈ L2(FT ), proving
(hˆ2) for ho.
We can apply the optimal stopping theory developed in Section 4 to the triple
(
{Eg
U
}U∈U˜, {h
U}U∈U˜, Y
)
and
use (8.97) to obtain (7.17). In addition, if there exists a measurable mapping u∗ : [0, T ]× Ω× Rd 7→ S satisfying
(7.18), then (8.96) indicates that for any (t, ω, z) ∈ [0, T ]× Ω× Rd
sup
u∈S
(
go(t, ω, z, u) + ho(t, ω, u)
)
= sup
u∈S
H˜(t,X(ω), z, u) = H˜
(
t,X(ω), z, u∗(t,X(ω), z)
)
= go(t, ω, z, u∗(t,X(ω), z)) + ho(t, ω, u∗(t,X(ω), z)),
which shows that (7.14) holds for the mapping u˜∗(t, ω, z) = u∗(t,X(ω), z), (t, ω, z) ∈ [0, T ]× Ω × Rd. Therefore,
an application of Theorem 7.2 yields (7.19) for some U∗ ∈ U˜. 
Proof of Proposition 7.4: (7.24) directly follows from Briand and Hu [2008, Theorem 5]. To see (7.25), we set
∆Γ
△
= Γξ1,gˆ − Γξ2,gˆ and ∆Θ
△
= Θξ1,gˆ −Θξ2,gˆ, then (7.22)(i) implies that
d∆Γt = −
(
gˆ(t,Θ
ξ1,gˆ
t )− gˆ(t,Θ
ξ2,gˆ
t )
)
dt+∆ΘtdBt = −
∫ 1
0
∂gˆ
∂z
(t, λ∆Θt +Θ
ξ2,gˆ
t )∆Θtdλ dt+∆ΘtdBt
= ∆Θt
(
− atdt+ dBt
)
, t ∈ [0, T ],
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where at
△
=
∫ 1
0
∂gˆ
∂z (λ∆Θt + Θ
ξ2,gˆ
t ) dλ, t ∈ [0, T ]. Since MF([0, T ];R
d) ⊂ M2
F
([0, T ];Rd) = H2
F
([0, T ];Rd), one can
deduce from (7.22)(ii) that
E
∫ T
0
|at|
2dt ≤ E
∫ T
0
∫ 1
0
∣∣∣∣∂gˆ∂z (λ∆Θt +Θξ2,gˆt )
∣∣∣∣2dλ dt ≤ 2κ2T + 2κ2E ∫ T
0
∫ 1
0
|λΘξ1,gˆt + (1 − λ)Θ
ξ2,gˆ
t |
2dλ dt
≤ 2κ2T +
4
3
κ2E
∫ T
0
(∣∣Θξ1,gˆt ∣∣2 + ∣∣Θξ2,gˆt ∣∣2)dt <∞.
Moreover, Doob’s martingale inequality shows that
E
[
sup
t∈[0,T ]
∣∣∣ ∫ t
0
asdBs
∣∣∣2] ≤ 4E[∣∣∣ ∫ T
0
asdBs
∣∣∣2]= 4E ∫ T
0
|at|
2dt <∞. (8.100)
Thus, we can define process Qt
△
= exp
{
− 12
∫ t
0 |as|
2ds+
∫ t
0 asdBs
}
, t ∈ [0, T ] as well as stopping times
νn
△
= inf
{
t ∈ [ν, T ] : Qt ∨ |∆Γt| > n
}
∧ T, ∀n ∈ N.
It is clear that lim
n→∞
↑ νn = T , a.s., and (8.100) assures that there exists a null set N such that for any ω ∈ N c,
T = νm(ω) for some m = m(ω) ∈ N.
For any n ∈ N, integrating by parts on [ν, νn] yields that
Qνn∆Γνn = Qν∆Γν −
∫ νn
ν
Qt∆Θtatdt+
∫ νn
ν
Qt∆ΘtdBt +
∫ νn
ν
∆ΓtQtatdBt +
∫ νn
ν
Qt∆Θtatdt
=
∫ νn
ν
(
Qt∆Θt +∆ΓtQtat
)
dBt.
which implies that E
[
Qνn∆Γνn
]
= 0. Thus we can find a null set Nn such that ∆Γνn(ω)(ω) = 0, ∀ω ∈ N
c
n.
Eventually, for any ω ∈
{
N ∪
(
∪
n∈N
Nn
)}c
, we have
ξ1(ω) = Γξ1,gˆT (ω) = limn→∞
Γξ1,gˆνn(ω)(ω) = limn→∞
Γξ2,gˆνn(ω)(ω) = Γ
ξ2,gˆ
T (ω) = ξ
2(ω). 
Proof of Proposition 7.5: Let {An}n∈N be any sequence in FT such that lim
n→∞
↓1An = 0, a.s. For any
ξ, η ∈ Le,+(FT )
△
= {ξ ∈ Le(FT ) : ξ ≥ 0, a.s.}, since
E
[
eλ|ξ|
]
<∞ and since sup
n∈N
E
[
eλ|ξ+1Anη|
]
≤ E
[
eλ|ξ|eλ|η|
]
≤
1
2
E
[
e2λ|ξ|
]
+
1
2
E
[
e2λ|η|
]
<∞
holds for each λ > 0, Lemma 7.2 implies that
0 = lim
n→∞
E
[
sup
t∈[0,T ]
∣∣∣Egˆ[ξ + 1Anη|Ft]− Egˆ[ξ|Ft]∣∣∣] ≥ lim
n→∞
∣∣Egˆ[ξ + 1Anη]− Egˆ[ξ]∣∣ ≥ 0,
thus Egˆ satisfies (H2). Similarly, we can show that (H1) also holds for Egˆ.
Moreover, for any ν ∈ S0,T and ξ ∈ L
e,+(FT ), since the process Γ
ξ,gˆ belongs to Ce
F
([0, T ]), one can deduce that
Egˆ[ξ|Fν ] = Γξ,gˆν ∈ L
e,+(FT ). Then the continuity of the process Xξ
△
= Egˆ[ξ|F·] implies that Xξ,+ν = X
ξ
ν = Egˆ[ξ|Fν ] ∈
Le,+(FT ), which proves (H3). 
Proof of Theorem 7.3: This proof is just an application of the optimal stopping theory developed in Section 4
to the singleton {Egˆ}. Hence, it suffices to check that Y satisfies (Y1), (Y2) and (4.21).
Similar to (8.85), it holds except on a null set N that
CY ≤ Yt ≤ ζˆY , ∀ t ∈ [0, T ], thus CY ≤ Yρ ≤ ζˆY , ∀ ρ ∈ S0,T . (8.101)
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Since ζˆY ∈ Le(FT ), it holds for any ρ ∈ S0,T that
E
[
eλ|Yρ|
]
≤ E
[
eλ(ζˆY −CY )
]
= e−λCY E
[
eλζˆY
]
<∞, ∀λ > 0, (8.102)
which implies that Yρ ∈ Le,#(FT ) = Dom
(
{Egˆ}
)
. Hence (Y1) holds.
Next, for any ρ ∈ S0,T and t ∈ DT , Proposition 2.2 (2), (8.101) show that
CY = Egˆ[CY |Ft] ≤ Egˆ[Yρ|Ft] ≤ Egˆ[ζˆY |Ft] = Γ
ζˆY ,gˆ
t ≤ sup
t∈[0,T ]
∣∣ΓζˆY ,gˆt ∣∣, a.s.
Taking essential supremum of Egˆ[Yρ
∣∣Ft] over (ρ, t) ∈ S0,T ×DT yields that
CY ≤ esssup
(ρ,t)∈S0,T×DT
Egˆ[Yρ
∣∣Ft] ≤ sup
t∈[0,T ]
∣∣ΓζˆY ,gˆt ∣∣, a.s.
Since ΓζˆY ,gˆ ∈ Ce
F
([0, T ]), or equivalently sup
t∈[0,T ]
∣∣ΓζˆY ,gˆt ∣∣ ∈ Le(FT ), we can deduce that esssup
(ρ,t)∈S0,T×DT
Egˆ[Yρ
∣∣Ft] ∈
Le,#(FT ) = Dom
(
{Egˆ}
)
, which together with Remark 4.2 (2) proves (Y2).
Moreover, for any ν, ρ ∈ S0,T with ν ≤ ρ, a.s. and any sequence {ρn}n∈N ⊂ Sν,T increasing a.s. to ρ, the
continuity of the process Y implies that nn−1Yρn converges to Yρ a.s. By (8.101), one can deduce that
sup
n∈N
E
[
exp
{
λ| nn−1Yρn
∣∣}] ≤ sup
n∈N
E
[
e2λ|Yρn |
]
≤ E
[
e2λ(ζˆY −CY )
]
= e−2λCY E
[
e2λζˆY
]
<∞, ∀λ > 0,
which together with (8.102) allows us to apply Lemma 7.2:
0 = lim
n→∞
E
[
sup
t∈[0,T ]
∣∣∣Egˆ[ nn−1Yρn |Ft]− Egˆ[Yρ|Ft]∣∣∣] ≥ limn→∞E
[∣∣∣Egˆ[ nn−1Yρn |Fν ]− Egˆ[Yρ|Fν ]∣∣∣] ≥ 0,
thus lim
n→∞
E
[∣∣∣Egˆ[ nn−1Yρn |Fν ]− Egˆ[Yρ|Fν ]∣∣∣] = 0. Then we can find a subsequence {nk}k∈N of N such that
lim
n→∞
∣∣∣Egˆ[ nknk−1Yρnk |Fν ]− Egˆ[Yρ|Fν ]∣∣∣ = 0, a.s.,
proving (4.21) for Y . 
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